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Abstract
The two-loop massive operator matrix elements for the fermionic local twist–2 operators
with external massive fermion lines in Quantum Electrodynamics (QED) are calculated
up to the constant terms in the dimensional parameter ε = D − 4. We investigate the
hypothesis of Ref. [1] that the 2–loop QED initial state corrections to e+e− annihilation
into a virtual neutral gauge boson, except power corrections of O((m2f/s)
k), k ≥ 1, can be
represented in terms of these matrix elements and the massless 2–loop Wilson coefficients
of the Drell–Yan process.
1Alexander-von-Humboldt Fellow.
2deceased.
1 Introduction
The QED corrections for differential distributions in e+e− annihilation and other high energy
reactions in which electrons or positrons participate, are particularly large due to the presence of
physical logarithms ln(M2/m2e), with M a characteristic scale of the process and me the electron
mass.3 Therefore, it is necessary to account for the QED initial state corrections up to O(α2) for
precision measurements in the various energy regimes in e+e− annihilation having been explored
so far and those which are planned to be investigated in the future, cf. [3–12]. For the corrections
to the inclusive Born cross section σ(s), with s the center of mass (cms) energy squared, power
corrections ∝ (m2e/s)
k, k ≥ 1 can be safely disregarded. While the O(α) corrections are known
for a large number of reactions, cf. [13], the corrections beyond the universal contributions
O((αL)k), 1 ≤ k ≤ 5 [14, 15], to higher orders, were only calculated analytically once at 2–loop
order in Ref. [1]. 4 Besides the logarithmic orders O(α2L2, α2L) with L = ln(s/m2e), the constant
terms O(α2) are of interest.
In Ref. [1] it has been proposed that the 2-loop corrections can be calculated using a
factorization-representation of the scattering cross section in terms of Mellin convolutions of
massive local operator matrix elements (OMEs) and the corresponding massless Wilson coeffi-
cients, which are those of the massless Drell–Yan process [20,21]. The operator matrix elements
are formed by the local twist–2 fermionic operators, being obtained in the light cone formal-
ism [22], between massive on–shell electron states. These operator matrix elements bear all the
mass dependence, µ2/m2e, and are universal quantities. The massless Wilson coefficients account
for the process dependence and are functions of the ratio sˆ/µ2, with sˆ the sub-system cms energy
squared. Here, µ2 denotes a factorization scale.
In case of the heavy flavor corrections to deep-inelastic scattering the above method was used
to calculate the massive Wilson coefficients in the region Q2 ≫ m2Q, with Q
2 the virtuality of the
exchanged gauge boson and mQ the heavy quark mass. It has been shown that this description
yields all but the power suppressed contributions in Refs. [18, 19] comparing to the complete
semi-analytic calculation [23] at O(α2s)
5. In this case the massive OMEs are formed between
massless on–shell quark and gluon states. In Refs. [26–28] 2– and 3–loop heavy flavor corrections
for different unpolarized and polarized nucleon structure functions and transversity, respectively
for their moments, have been calculated.
In the present paper we compute the O(α2) local OMEs with massive external fermions
in QED up to the constant part. As a by-product we obtain the QED contributions to the
2–loop non–singlet and pure–singlet anomalous dimensions, within a massive calculation. We
investigate, to which extent the decomposition, having been proposed in Ref. [1], in terms of
massive local OMEs and massless Wilson coefficients is possible.
The paper is organized as follows. In Section 2 we summarize the decomposition of the initial
state corrections to the inclusive e+e− annihilation cross section into neutral vector bosons to
O(α2) using the renormalization group method, cf. [1]. The renormalization of the OMEs is
described in Section 3. In Section 4 we compute the OMEs to O(α). The details of the calculation
of the O(α2) corrections to the OMEs are given in Section 5. We discuss the structure of the
contributions to the differential scattering cross section dσe+e−/dsˆ and compare to the results
in the literature. Section 6 contains the conclusions. Technical aspects are summarized in the
3 This also applies to the QED corrections in eN scattering, cf. [2].
4There are only a few other complete analytic O(α2) two-loop calculations with massive particles available.
Examples are the heavy quark fragmentation functions [16], the µ-lepton decay spectrum [17] to O(α2L), while the
O(α2) contribution was given numerically, and the heavy flavor Wilson coefficients for large virtualities [18, 19].
5For a fast and precise numerical implementations of these corrections in Mellin space cf. [24].
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2 The Renormalization Group Method
The O(α2) QED initial state corrections to the e+e− annihilation cross section into virtual neutral
gauge bosons (γ∗, Z∗) in the limit s≫ m2e can be expressed in the following form [1] :
dσe+e−
ds′
=
dσIe+e−
ds′
+
dσIIe+e−
ds′
+
dσIIIe+e−
ds′
. (1)
Here, s′ denotes the invariant mass of the virtual vector boson and s the cms energy of the
process,
s′ = xs, x ∈ [0, 1] . (2)
The term I refers to the photon radiation contributions, II to the flavor non–singlet contribution
due to fermion pair production, and III to the corresponding flavor pure–singlet contribution. 6
One may represent the scattering cross section in Mellin space by applying the integral transform
f̂(N) =
∫ 1
0
dx xN−1 f
(
x =
s′
s
)
, (3)
with
d̂σ
ds′
(N) =
∫ 1
0
dx xN−1
dσ
ds′
(xs) , (4)
σ̂0(N) =
∫ 1
0
dx xN−1 σ0(xs) . (5)
Since in the present calculation power corrections of O(m2e/s) are disregarded, the following
principle structure [1] with respect to the scalesm2e, s and a factorization scale µ
2 is obtained, [1] :
d̂σ
ds′
(N) =
1
s
σ̂0(N)×
[
Γe+e+
(
N,
µ2
m2e
)
σ˜e+e−
(
N,
s′
µ2
)
Γe−e−
(
N,
µ2
m2e
)
+Γγe+
(
N,
µ2
m2e
)
σ˜e−γ
(
N,
s′
µ2
)
Γe−e−
(
N,
µ2
m2e
)
+Γe+e+
(
N,
µ2
m2e
)
σ˜e+γ
(
N,
s′
µ2
)
Γe−γ
(
N,
µ2
m2e
)
+Γe+γ
(
N,
µ2
m2e
)
σ˜γγ
(
N,
s′
µ2
)
Γe−γ
(
N,
µ2
m2e
)]
. (6)
To O(α2) the last process in (6) does not contribute. Here σ0(s) denotes the Born cross section
for e+e− annihilation into a virtual gauge boson (γ, Z) which decays into a fermion pair ff , see
e.g. [29],
dσ(0)(s)
dΩ
=
α2
4s
NC,f
√
1−
4mf
s
×
6In Ref. [1] four contributions were considered dividing those to process I into two pieces according to the
genuine 2→ 3 particle scattering cross sections.
2
×(1 + cos2 θ + 4m2f
s
sin2 θ
)
G1(s)−
8m2f
s
G2(s) + 2
√
1−
4m2f
s
cos θG3(s)
 (7)
σ(0)(s) =
4πα2
3s
NC,f
√
1−
4mf
s
[(
1 +
2m2f
s
)
G1(s)− 6
m2f
s
G2(s)
]
. (8)
Here α denotes the fine structure constant, with α = 4πa, NC,f is the number of colors of the
final state fermion, with NC,f = 1 for colorless fermions, s is the cms energy, Ω is the spherical
angle, θ the cms scattering angle, and the effective couplings Gi(s)|i=1...3 read
G1(s) = Q
2
eQ
2
f + 2QeQfvevfRe[χZ(s)] + (v
2
e + a
2
e)(v
2
f + a
2
f )|χZ(s)|
2 (9)
G2(s) = (v
2
e + a
2
e)a
2
f |χZ(s)|
2 (10)
G3(s) = 2QeQfaeafRe[χZ(s)] + 4vevfaeaf |χZ(s)|
2. (11)
The reduced Z–propagator is given by
χZ(s) =
s
s−M2Z + iMZΓZ
, (12)
where MZ and ΓZ are the mass and the with of the Z–boson and mf is the mass of the final
state fermion. Qe,f are the electromagnetic charges of the electron (Qe = −1) and the final state
fermion, resp., and the electroweak couplings vi and ai read
ve =
1
sin θw cos θw
[
I3w,e − 2Qe sin
2 θw
]
(13)
ae =
1
sin θw cos θw
I3w,e (14)
vf =
1
sin θw cos θw
[
I3w,f − 2Qf sin
2 θw
]
(15)
af =
1
sin θw cos θw
I3w,f , (16)
where θw is the weak mixing angle, and I
3
w,i = ±1/2 the third component of the weak isospin for
up and down particles, respectively.
The factorization mass cancels in the physical cross section in each order of the coupling
constant. The initial state fermion mass dependence is solely encoded in Γli. The operator
matrix elements are given by
Γe+e+(N) = Γe−e−(N) = 〈e|O
NS,S
F |e〉 (17)
Γe+γ(N) = Γe−γ(N) = 〈γ|O
S
F |γ〉 (18)
Γγe+(N) = Γγe−(N) = 〈e|O
S
V |e〉 , (19)
where ONS,SF and O
S
V are the local twist–2 fermion and photon operators,
ONS,SF ;µ1,...,µN = i
N−1S[ψγµ1Dµ2 . . .DµNψ]− trace terms , (20)
OSV ;µ1,...,µN = 2i
N−2S[Fµ1αDµ2 . . .DµN−1F
α
µN
]− trace terms , (21)
for the fermionic non–singlet (NS), singlet (S), and photonic case, [30]. Here, S is the sym-
metrization operator of the Lorentz indices µ1, . . . , µN , ψ denotes the electron field, Fµν the
3
photon field–strength tensor, and Dµ = ∂µ − ieAµ the covariant derivative, with e =
√
(4π)2a
the electric charge and Aµ the 4–potential. We consider only one fermion species. For (17) both
the flavor non–singlet (NS) and pure singlet (PS) terms contribute. It turns out that also in
the present case the contributing functions both for the massive OMEs and the massless Wilson
coefficients [31] can be related to nested harmonic sums [32, 33] and multiple zeta values [34].
These structures simplify further applying algebraic and structural relations [35]. One may per-
form the calculation in Mellin space completely and represent the result in x-space analytically
resp. numerically performing the inverse Mellin transformation [35, 36].
The following representations apply
Γli
(
N,
µ2
m2e
)
=
∞∑
r=0
ar(µ2)
r∑
n=0
anr(N) ln
n
(
m2e
µ2
)
, (22)
σ˜lk
(
N,
s′
µ2
)
=
∞∑
r=0
ar(µ2)
r∑
n=0
bnr(N) ln
n
(
s′
µ2
)
. (23)
Here i, j denote the external particles in the scattering process. The coefficients anr and bnr of
the above series adjust such, that the physical cross section is independent of µ.
Γli, σ˜lk and the scattering cross sections σij obey the renormalization group equations [37] :[(
µ
∂
∂µ
+ β(g)
∂
∂g
)
δal + γal(N, g)
]
Γli
(
N,
µ2
m2e
, g(µ2e)
)
= 0 (24)[(
µ
∂
∂µ
+ β(g)
∂
∂g
)
δlaδkb − γla(N, g)δkb − γkb(N, g)δla
]
σ˜lk
(
s′
m2e
, g(µ2)
)
= 0 (25)[
µ
∂
∂µ
+ β(g)
∂
∂g
]
σij
(
s′
µ2
, g(µ2)
)
= 0 . (26)
The β–function β(g) is given by
β(g) = −
∞∑
k=0
βk
g2k+3
(16π2)k+1
, (27)
with g the electromagnetic coupling. In QED the first expansion coefficients are [38]
β0 = −
4
3
, β1 = −4 , (28)
in the case of one light fermion. The running coupling a(µ2) = g2(µ2)/(16π2) in the MS scheme
is obtained as the solution of
da(µ2)
d ln(µ2)
= −
∞∑
k=0
βka
k+2(µ2) , (29)
which yields
a(µ2) =
a0
1 + a0β0 ln(µ2/m2e)
= a0
[
1 +
4
3
a0 ln
(
µ2
m2e
)]
+O(a30) , (30)
with a0 = a(m
2
e). We rewrite the renormalization group equations replacing µ∂/∂µ by 2∂/∂L,
resp. −2∂/∂λ, with
L = ln
(
µ2
m2e
)
, λ = ln
(
s′
µ2
)
, (31)
4
one obtains[
∂
∂L
− β0a
2 ∂
∂a
+
1
2
γee(N, a)
]
Γee
(
N, a,
µ2
m2e
)
+
1
2
γeγ(N, a)Γγe
(
N, a,
µ2
m2e
)
= 0 (32)[
∂
∂λ
+ β0a
2 ∂
∂a
+ γee(N, a)
]
σ˜ee
(
N, a,
s′
µ2
)
+ γγe(N, a)σ˜eγ
(
N, a,
s′
µ2
)
= 0 , (33)
where a = a(µ2). Here the anomalous dimensions γij(N, a) have the series expansion
γij(N, a) =
∞∑
k=0
ak+1γ
(k)
ij . (34)
For later convenience we also introduce the splitting functions in N–space,
P
(l)
ij (N) =
∫ 1
0
dzzN−1P
(l)
ij (z) = −γ
(l)
ij (N) . (35)
The higher expansion coefficients of the OMEs, Γ0ij,Γ
0
ij and Γ
1
ij , (79, 142–144), are defined such
that they do not flip sign under the Mellin transform.
For the process under consideration one obtains to O(a2) :
Γee
(
N, a,
µ2
m2e
)
= 1 + a
[
−
1
2
γ(0)ee (N)L+ Γ
(0)
ee (N)
]
+a2
[{
1
8
γ(0)ee (N)
(
γ(0)ee (N)− 2β0
)
+
1
8
γ(0)eγ (N)γ
(0)
γe (N)
}
L2
+
1
2
{
−γ(1)ee (N) + 2β0Γ
(0)
ee − γ
(0)
ee (N)Γ
(0)
ee (N)− γ
(0)
eγ Γ
(0)
γe (N)
}
L
+Γ(1)ee
]
+ O(a3) , (36)
σ˜ee
(
N, a,
s′
µ2
)
= 1 + a
[
−γ(0)ee (N)λ + σ˜
(0)
ee (N)
]
+a2
[{
1
2
γ(0)ee (N)
(
γ(0)ee (N) + β0
)
+
1
4
γ(0)eγ (N)γ
(0)
γe (N)
}
λ2
+
{
−γ(1)ee (N)− β0σ˜
(0)
ee − γ
(0)
ee (N)σ˜
(0)
ee (N)− γ
(0)
γe σ˜
(0)
eγ (N)
}
λ
+σ˜(1)ee
]
+O(a3) , (37)
Γγe
(
N, a,
µ2
m2e
)
= a
[
−
1
2
γ(0)γe (N)L+ Γ
(0)
γe
]
+O(a2) (38)
σ˜eγ
(
N, a,
s′
µ2
)
= a
[
−
1
2
γ(0)eγ (N)λ+ σ˜
(0)
eγ
]
+O(a2) , (39)
with the 1– and 2–loop splitting functions given in Refs. [39, 40]. We express the coupling
constant a = a(µ2) by (30) and assemble the differential scattering cross section (1) in terms of
the three contributions: the flavor non-singlet terms with a single fermion line (I), those with an
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additional closed fermion line (II), and the pure-singlet terms (III). Here we corrected Eq. (4.19,
4.22, 4.26) in Ref. [1] 7.
d̂σIe+e−
ds′
=
1
s
σ̂(0)
{
1 + a0
[
P (0)ee L +
(
σ˜(0)ee + 2Γ
(0)
ee
)]
+a20
{
1
2
P (0)ee
2
L2 +
[
P (1),Iee + P
(0)
ee
(
σ˜(0)ee + 2Γ
(0)
ee
)]
L
+
(
2Γ(1),Iee + σ˜
(1),I
ee
)
+ 2Γ(0)ee σ˜
(0)
ee + Γ
(0)
ee
2
}}
(40)
d̂σIIe+e−
ds′
=
1
s
σ̂(0)a20
{
−
β0
2
P (0)ee L
2 +
[
P (1),IIee − β0σ˜
(0)
ee
]
L +
(
2Γ(1),IIee + σ˜
(1),II
ee
)}
(41)
d̂σIIIe+e−
ds′
=
1
s
σ̂(0)a20
{
1
4
P (0)eγ P
(0)
γe L
2 +
[
P (1),IIIee + P
(0)
γe σ˜
(0)
eγ + Γ
(0)
γe P
(0)
eγ
]
L
+
(
2Γ(1),IIIee + σ˜
(1),III
ee
)
+ 2σ˜(0)eγ Γ
(0)
γe
}
(42)
with
L = Lˆ + ln(z), Lˆ = ln
(
s
m2e
)
. (43)
We will later rewrite Eqs. (40–42) in terms of Lˆ.
3 The Renormalization of the Operator Matrix Elements
Since the massless sub-system scattering cross sections σ˜ab(z, s/µ
2) to O(a20) are known, the
corresponding massive operator matrix elements for e± → e±, e± → γ and γ → e± transitions
have to be calculated. The latter two processes contribute only to first order of the coupling
constant. Here, the external fermion is a massive particle, contrary to the cases studied in [26–28].
The bare OMEs are given by
ˆˆ
Aij
(
m2e
µ2
, ε, N
)
= δij +
∞∑
k=1
aˆk
ˆˆ
A
(k)
ij
(
m2e
µ2
, ε, N
)
, (44)
with aˆ the unrenormalized coupling constant. The computation is performed in D = 4 + ε
dimensions. The electron mass is renormalized on-shell
p2 = m2e(µ = me) (45)
with p the momentum of the external fermion. Thus renormalization concerns the wave function,
the charge renormalization, and the ultraviolet singularities of the local operators. For process I
counter terms emerge at O(aˆ2). Due to the finite fermion mass, no collinear singularities emerge.
i) Wave function renormalization.
The bare wave function ψ0 is renormalized by
ψ0 =
√
Z2(ε) ψ . (46)
7The contributions to process II have been also calculated in Ref. [25].
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The Z–factors are obtained from the fermion self–energy, see Figure 1,
Σ/ (p,me) = meΣ1(p
2, me) + (p/−me)Σ2(p
2, me) . (47)
Expanding Σ/ (p,me) around p
2 = m2e one obtains
1
Z2
= 1 + 2m2e
∂
∂p2
Σ1(p
2, me)
∣∣∣∣
p2=m2e
+ Σ2(p
2, me)
∣∣
p2=m2e
. (48)
Figure 1: The self-energy diagrams.
To O(aˆ2) Z2 is given by [41]
Z2 = 1 +
∞∑
k=1
aˆkZ
(k)
2 = 1 + aˆSε
(
m2e
µ2
)ε/2 [
6
ε
− 4 +
(
4 +
3
4
ζ2
)
ε
]
+aˆ2S2ε
(
m2e
µ2
)ε{[
18
1
ε2
−
51
2
1
ε
+
(
433
8
−
147
2
ζ2 + 96ζ2 ln(2)− 24ζ3
)]
I
+
[
16
1
ε2
−
38
3
1
ε
+
(
1139
18
− 28ζ2
)]
II
}
+O(aˆ3) , (49)
with the spherical factor
Sε = exp
[ε
2
(ln (4π)− γE)
]
(50)
and ζk denotes Riemann’s ζ-function at integer values k ≥ 2. In the MS scheme the factors
Sε are set to one at the end of the calculation. In (49) we separated the terms contributing to
processes I and II. At 2-loop order also counter terms (CT) contribute with the Z-factor ZCT to
the OME AIee, which will be calculated in Section 5.
After wave function renormalization and accounting for counter terms the OME is denoted
by Aˆee. Up to O(aˆ
2) it is given by :
AˆIee
(
m2e
µ2
, ε, N
)
= 1 + aˆ
[
ˆˆ
A(1),Iee
(
m2e
µ2
, ε, N
)
+ Z
(1)
2
]
+aˆ2
[
ˆˆ
A(2),Iee
(
m2e
µ2
, ε, N
)
+ Z
(2)
2,I + Z
(2)
CT + Z
(1)
2
ˆˆ
A(1),Iee
(
m2e
µ2
, ε, N
)]
+O(aˆ3) .
AˆIIee
(
m2e
µ2
, ε, N
)
= aˆ2
[
ˆˆ
A(2),IIee
(
m2e
µ2
, ε, N
)
+ Z
(2)
2,II
]
+O(aˆ3) .
AˆIIIee
(
m2e
µ2
, ε, N
)
= aˆ2
[
ˆˆ
A(2),IIIee
(
m2e
µ2
, ε, N
)]
+O(aˆ3) . (51)
7
ii) Charge renormalization.
The bare coupling aˆ and the renormalized coupling in the MS scheme are related by
aˆ = ZMSg
2
(ε, nf))a
MS(µ2)
= aMS(µ2)
[
1 + δaMS1 (ε, nf)a
MS(µ2)
]
+O(aMS
3
) , (52)
with
δaMS1 (ε, nf) =
2
ε
β0(nf ) (53)
β0(nf) = −
4
3
nf . (54)
The above relations would apply to nf manifestly massless fermions. Since the fermion lines are
all massive the coupling constant is first being obtained in a MOM-scheme, which is defined by
ΠˆH,BF(0, m
2
e) + ZA,H = 0 (55)
Z2g = Z
−1
A,H , (56)
cf. [27]. Here ΠˆH,BF(0, m
2
e) denotes the on-shell vacuum polarisation calculated using the
background-field method [42],
ΠˆµνH,BF(p
2, m2e, µ
2, ε, aˆ) = i
(
−gµνp2 + pµpν
)
ΠˆH,BF(p
2, m2e, µ
2, ε, aˆ) (57)
ΠˆH,BF(p
2, m2e, µ
2, ε, aˆ) = aˆ
2β0,H
ε
(
m2e
µ2
)ε/2
exp
(
∞∑
k=2
ζk
k
(ε
2
)k)
+O(aˆ2) , (58)
with
β0,H = −
4
3
. (59)
One obtains
ZMOMg
2
= 1 + aMOM(µ2)β0,H
(
m2e
µ2
)ε/2
exp
(
∞∑
k=2
ζk
k
(ε
2
)k)
+O
(
aMOM(µ2)
2
)
. (60)
Finally, we transform back to the MS scheme using
ZMOMg
2
aMOM(µ2) = ZMSg
2
aMS(µ2), (61)
which implies
aMOM = aMS − β0,H ln
(
m2e
µ2
)
aMS
2
+O
(
aMS
3
)
. (62)
iii) Renormalization of the composite operators.
We express the inverse Z-factors in the MOM-scheme :
Z−1ij (a
MOM, nf + 1, µ) = δij − a
MOM
γ
(0)
ij
ε
+ aMOM
2
[
1
ε
(
−
1
2
γ
(1)
ij − δa
MOM
1 γ
(0)
ij
)
8
+
1
ε2
(1
2
γ
(0)
il γ
(0)
lj + β0γ
(0)
ij
)]
+O(aMOM
3
) , (63)
with
δaMOM1 = Sε
2β0,H
ε
(
m2e
µ2
)ε/2
exp
[
∞∑
i=2
ζi
i
(ε
2
)i]
. (64)
The renormalized OMEs are given by
AMOMij = δij + a
MOM
[
Aˆ
(1)
ij + Z
−1,(1)
i,j
]
+ aMOM
2
[
Aˆ
(2)
ij + Z
−1,(2)
i,j + Z
−1,(1)
i,j Aˆ
(1)
ij
]
+O(aMOM
3
) . (65)
The transformation to the MS-scheme is obtained by (62). We split the OME into the parts
I–III. The corresponding Z-factors are given by
[
ZIee(ε,N)
]−1
= 1 + aMOMSε
1
ε
P (0)ee (N) + a
MOM2S2ε
{
1
2ε2
P (0)ee
2
(N) +
1
2ε
P (1),NSee (N)
}
+O(aMOM
3
) (66)[
ZIIee(ε,N)
]−1
= aMOM
2
{
−
1
2ε2
β0P
(0)
ee +
2
ε2
β0,H
(
m2e
µ2
)ε/2
exp
[
∞∑
i=2
ζi
i
(ε
2
)i]
+
1
2ε
P (1),IIee
}
+O(aMOM
3
) (67)[
ZIIIee (ε,N)
]−1
= aMOM
2
S2ε
{
1
2ε2
P (0)eγ (N)P
(0)
γe (N) +
1
2ε
[
P (1),IIIee (N)
]}
+O(aMOM
3
) (68)
[Zeγ(ε,N)]
−1 = aMOMSε
1
ε
P (0)eγ (N) +O(a
MOM2) (69)[
ZNSγe (ε,N)
]−1
= aMOMSε
1
ε
P (0)γe (N) +O(a
MOM2) . (70)
The OMEs to two–loop order after wave function and charge renormalization are given by
AˆIee = a
MOMSε
(
m2e
µ2
)ε/2 [
−
1
ε
P (0)ee + Γ
(0)
ee + εΓ
(0)
ee
]
+aMOM
2
S2ε
(
m2e
µ2
)ε{
1
2ε2
P (0)ee ⊗ P
(0)
ee −
1
2ε
[
P (1),Iee + 2Γ
(0)
ee ⊗ P
(0)
ee
]
+ Γˆ(1),Iee
}
(71)
AˆIIee = a
MOM2S2ε
(
m2e
µ2
)ε{
1
2ε2
2β0P
(0)
ee −
1
2ε
[
P (1),IIee + 4β0Γ
(0)
ee
]
+ Γˆ(1),IIee
}
(72)
AˆIIIee = a
MOM2S2ε
(
m2e
µ2
)ε{
1
2ε2
P (0)eγ ⊗ P
(0)
γe −
1
2ε
[
P (1),IIIee + 2Γ
(0)
γe ⊗ P
(0)
eγ
]
+ Γˆ(1),IIIee
}
. (73)
The renormalized OMEs in the MS-scheme are finally given by
AMS,Iee (N) = a
MS
[
−
1
2
P (0)ee (N) ln
(
m2e
µ2
)
+ Γ(0)ee (N)
]
+aMS
2
[
1
8
P (0)ee
2
(N) ln2
(
m2e
µ2
)
−
1
2
[
P (1),Iee (N) + P
(0)
ee (N)Γ
(0)
ee (N)
]
ln
(
m2e
µ2
)
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+Γˆ(1),Iee (N) + P
(0)
ee (N)Γ
(0)
ee (N)
]
+O(aMS
3
) (74)
AMS,IIee (N) = a
MS
2
[
β0,H
4
P (0)ee (N) ln
2
(
m2e
µ2
)
−
[
1
2
P (1),IIee (N) + β0,HΓ
0
ee
]
ln
(
m2e
µ2
)
+Γˆ(1),IIee (N) + 2β0,HΓ¯
(0)
ee
]
+O(aMS
3
) (75)
AMS,IIIee (N) = a
MS
2
[
1
8
P (0)eγ (N)P
(0)
γe (N) ln
2
(
m2e
µ2
)
−
1
2
[
P (1),IIIee (N)
+P (0)eγ (N)Γ
(0)
γe (N)
]
ln
(
m2e
µ2
)
+ Γˆ(1),IIIee (N) + P
(0)
eγ (N)Γ
(0)
γe (N)
]
+O(aMS
3
) .
(76)
Here Γ
(0)
ij and Γ
(0)
ij (90–93) denote the constant and linear term in ε of the unrenormalized one-
loop massive OMEs, and Γˆ
(1)
ij (142–144) the corresponding constant part of the two-loop OMEs.
Also the OMEs Aeγ(N) and Aγe(N) have to be calculated to O(a). Here only the operators
have to be renormalized.
AMSeγ (N) = a
MS
[
ˆˆ
Aeγ(N, ε) + Z
−1
eγ
]
= aMS
[
−
1
2
P (0)eγ (N) ln
(
m2e
µ2
)
+ Γ(0)eγ (N)
]
(77)
AMSγe (N) = a
MS
[
ˆˆ
Aγe(N, ε) + Z
−1
γe
]
= aMS
[
−
1
2
P (0)γe (N) ln
(
m2e
µ2
)
+ Γ(0γe(N)
]
. (78)
4 The O(a) Operator Matrix Elements
The massive operator matrix element for process I, A
(1)
ee , emerges at O(a) and is given by (74).
In the calculation of process III to O(a2) also the OMEs A
(1)
eγ and A
(1)
γe , (75, 76) contribute. The
Feynman rules for the operator insertions are given in Figure 2, cf. [27]. The external lines are
taken on-shell, i.e. p2 = m2e for the fermion and p
2 = 0 for the photon lines, and the vector ∆ is
light-like with ∆ ·∆ = 0.
In the following we present the OMEs in x–space. The unrenormalized OMEs are given by
Aˆ
(1)
ij (x, ε) = aˆ
(
m2e
µ2
)ε/2
Sε
[
−
1
ε
P
(0)
ij (x) + Γ
(0)
ij (x) + εΓ
(0)
ij (x) +O(ε
2)
]
, (79)
where for
ˆˆ
A
(1)I
ee (x, ε) the contributions up to O(ε) are needed. In Figures 3–4 the diagrams
are shown, except self-energy diagrams, which contribute to the O(a) OMEs, cf. Figure 1.
The expansion coefficients are the leading order splitting functions P
(0)
ij [39], Γ
(0)
ij , and Γ
(0)
ij ,
respectively, with
P (0)ee (x) = 8D0(x)− 4(1 + x) + 6δ(1− x) = 4
[
1 + x2
1− x
]
+
, (80)
P (0)eγ (x) = 4
[
x2 + (1− x)2
]
, (81)
P (0)γe (x) = 4
[
1 + (1− x)2
x
]
. (82)
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=(:p)
N 1
p
g 6∆∆µ Σ
N−1
j=1 (∆.k1)
j−1(∆.k2)
N−1−j
k1 k2
µ
g2∆/∆µ1∆µ2 6∆Σ
N−3
j=0 Σ
N−2
l=j+1(∆.k1)
N−l−2(∆.k2)
j
{
[∆. (k1 + q2)]
l−j−1 + [∆. (k1 + q1)]
l−j−1
}
k1
q1 q2

k2
µ1 µ2
Figure 2: Feynman rules.
We define
Dk(x) =
(
lnk(1− x)
1− x
)
+
. (83)
The +-prescription, used to regularize some of the terms, reads∫ 1
0
dx [f(x)]+ g(x) =
∫ 1
0
dxf(x) [g(x)− g(1)] , (84)
and g(x) ǫ D[0, 1] denotes a test function, [43].
The splitting functions obey the well–known relations
P (0)ee (x) = P
(0)
γe (1− x), x < 1 (85)
P (0)eγ (x) = P
(0)
eγ (1− x) (86)
and ∫ 1
0
dxP (l),NS−ee (x) = 0, ∀l ∈ N (87)∫ 1
0
dxx
[
P (0)ee (x) + P
(0)
γe (x)
]
= 0 . (88)
Eq. (87) derives from fermion number conservation with
P (0),NS−ee (x) ≡ P
(0)
ee (x) . (89)
Eq. (88) results from the conservation of 4–momentum.
The O(ε0) terms are
Γ(0)ee (x) = −8D1(x)− 4D0(x) + 4δ(1− x) + 2(1 + x) [2 ln(1− x) + 1]
= −4
[
1 + x2
1− x
{
ln(1− x) +
1
2
}]
+
(90)
Γ(0)eγ (x) = 0 (91)
Γ(0)γe (x) = −2
1 + (1− x)2
x
[2 ln(x) + 1] , (92)
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Figure 3: Diagrams contributing to A(1)ee .
+ rossed
" #
Figure 4: Diagrams contributing to A(1)γe and A
(1)
eγ .
for Γ
(0)
eγ (x) cf. [18, 19]. Here we corrected Eq. (4.28c) in [1]. The linear term in ε, Γ
(0)
ee (x), reads
Γ
(0)
ee (x) = −
{
4D2(x) + 4D1(x) + ζ2D0(x) +
(
4 +
3
4
ζ2
)
δ(1− x)
−2(1 + x)
[
ln2(1− x) + ln(1− x) +
1
4
ζ2
]}
= −2
[
1 + x2
1− x
{
ln2(1− x) + ln(1− x) +
1
4
ζ2
}]
+
. (93)
In the differential cross sections (40–42) different convolutions of the expansion coefficients of
the leading order OMEs and the leading order Drell-Yan scattering cross sections occur, see also
Appendix A. Unlike the expansion coefficients of the massive OMEs, the coefficient functions
σ
(0)
ij are process–dependent quantities. In case of the e
+e− annihilation process the massless
Wilson coefficients can be obtained from those of the QCD Drell–Yan process given in [20, 44]
to O(a2), adjusting the color factors. The O(a) Wilson coefficients read 8:
σ(0)ee (x) = 16D1(x)− 8(2− ζ2)δ(1− x)− 8
ln(x)
1− x
− 4(1 + x) [2 ln(1− x)− ln(x)]
σ(0)γe (x) =
1
2
P (0)eγ (x) [2 ln(1− x)− ln(x)] + 1 + 6x− 7x
2 . (94)
The combination
2Γ(0)ee (x) + σ
(0)
ee (x) = −8D0(x) + 8(ζ2 − 1)δ(1− x)− 8
ln(x)
1− x
+ 4(1 + x)(ln(x) + 1)
= −4
1 + x2
1− x
[1 + ln(x)]− 8(1− ζ2)δ(1− x) (95)
occurs in (40–42). Here the logarithm L still bears a x–dependence. Referring to Lˆ instead, the
O(a0) contribution to the annihilation cross section (40) is given by
T 1,Iee = T
1,1;I
ee Lˆ + T
1,0;I
ee
=
[
P (0)ee (x)Lˆ− P
(0)
ee (x) + 2(4ζ2 − 1)δ(1− z)
]
, (96)
8Note a typographical error in Table 6, Ref. [44].
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which resembles the well-known behaviour of the splitting function P
(0)
ee (x) contributing through
(Lˆ− 1).
5 The O(a2) operator matrix elements
In the following we discuss the O(a20) contributions to operator matrix elements for the processes
I–III individually. Further, we investigate their contribution to the differential scattering cross
sections (40–42).
5.1 The OME A(2),Iee
The Feynman diagrams contributing to A
(2),I
ee are shown in Figure 5, except those contributing
to the wave function renormalization, cf. Section 3. Furthermore, the counter terms shown in
(a) (b) (c) (d) (e)
(f) (g) (h) (i) (j)
Figure 5: Feynman diagrams for the calculation of the massive two-loop operator matrix elements
A
(2),I
ee .
Figure 6 contribute. The corresponding Z-factor is given by
Z
(2)
CT(x) =
(
m2e
µ2
)ε{
−
72
ε2
δ(1− x)−
24
ε
D0(x)− 24D1(x) + 16D0(x)
− (64 + 18ζ2) δ(1− x)− 12−N
[(
−
24
ε
− 8
)
δ(1− x)− 24D0(x)
]}
. (97)
⋆ ⋆
⋆ ⋆
Figure 6: Counterterm diagrams. The black squares represent the counterterm vertices, cf. [45].
It contains a term ∝ N , which cancels a corresponding contribution in
ˆˆ
A
(2),I
ee . It can be
rewritten, cf. [43], using∫ 1
0
dxN xN−1δ(1− x) =
∫ 1
0
dx
(
d
dx
xN
)
δ(1− x) = −
∫ 1
0
dxxN−1 [xδ′(1− x)] (98)
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and similar relations.
The two-loop diagrams shown in Figure 5 are calculated using the Feynman rules given in
Figure 2. For example, the ladder diagram in Figure 5b yields :∫
dDk1
(2π)D
dDk2
(2π)D
γµ( 6 k1 +m)γν( 6 k2 +m) 6∆( 6 k2 +m)γ
ν( 6 k1 +m)γ
µ
Dν11 D
ν2
2 D
ν3
3 D
ν4
4 D
ν5
5
(∆ · k2)
n , (99)
where n = N − 1. We introduce the following short-hand notation for the denominators :
D1 = k
2
1 −m
2 , D2 = k
2
2 −m
2 , D3 = (k1 − p)
2 ,
D4 = (k1 − k2)
2 , D5 = (k2 − k1 + p)
2 −m2 . (100)
The same propagator structure can be obtained for all diagrams from 5a to 5h by choosing the
flow of momenta appropriately, while conveniently keeping all of the dot products coming from
the Feynman rules in Figure 2 as simple as possible, i.e., as powers of ∆ ·k1, ∆ ·k2 and ∆ ·p. The
remaining diagrams are calculated directly. The Dirac-structure of the numerators is projected
multiplying by
1
4
( 6p+m) (101)
and taking the trace. We applied FORM [46] for this calculation. This produces a linear combi-
nation of products of all possible dot products of ∆, k1, k2 and p. After canceling as much as
possible these dot products against the propagators, and choosing k2 ·p as the only remaining ir-
reducible numerator not involving ∆, diagrams 5a to 5d can be expressed as linear combinations
of the following type of integrals
Aa,bν1ν2ν3ν4ν5 =
∫
dDk1
(2π)D
dDk2
(2π)D
(∆ · k1)
a(∆ · k2)
b
Dν11 D
ν2
2 D
ν3
3 D
ν4
4 D
ν5
5
, (102)
Ba,bν1ν2ν3ν4ν5 =
∫
dDk1
(2π)D
dDk2
(2π)D
k2 · p(∆ · k1)
a(∆ · k2)
b
Dν11 D
ν2
2 D
ν3
3 D
ν4
4 D
ν5
5
. (103)
Diagrams 5e and 5f can be written as linear combinations of integrals with the structure
Ea,bν1ν2ν3ν4ν5 =
∫
dDk1
(2π)D
dDk2
(2π)D
(∆ · k1)
a(∆ · k2)
b
Dν11 D
ν2
2 D
ν3
3 D
ν4
4 D
ν5
5
n−1∑
j=0
(∆ · k1)
j(∆ · k2)
n−1−j , (104)
and diagrams 5g and 5h are given by linear combinations of integrals of the form
F a,bν1ν2ν3ν4ν5 =
∫
dDk1
(2π)D
dDk2
(2π)D
(∆ · k1)
a(∆ · k2)
b
Dν11 D
ν2
2 D
ν3
3 D
ν4
4 D
ν5
5
n−1∑
j=0
(∆ · p)j(∆ · k1)
n−1−j . (105)
We list now the results for diagrams 5a to 5h in terms of the integrals above :
Diagram 5a:
1
2
(D − 2)(D − 4)
[
A1,n01111 + A
1,n
11101 − A
1,n
11110 − A
1,n
11011 + 2A
0,1+n
02110 − 2A
0,1+n
12001
− (∆ · p)A0,n01111
]
− 2(D − 4)m2e
[
(∆ · p)A0,n11111 −A
0,1+n
11111
]
+ 8m2e
[
A0,1+n12011 + A
0,1+n
12101
]
+
1
2
(D − 2)(D − 8)
[
A0,1+n11011 −A
0,1+n
01111 + (∆ · p)
(
A0,n10111 − A
0,n
11101
)]
−2(D − 2)
[
A0,1+n11101 − (∆ · p)A
0,n
11011 − A
0,1+n
11110 + 2B
0,1+n
12101 + 2B
0,1+n
12011
]
−4m2e
[
A0,1+n02111 + A
0,1+n
12110
]
− 16m4eA
0,1+n
12111 (106)
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Diagram 5b:
(D − 2)2
[
A1,n11110 −A
0,1+n
11110 − (∆ · p)A
0,n
11110 −A
0,1+n
02110 + 2B
0,1+n
12110
]
+4(D − 2)m2e
[
A0,1+n21110 − A
1,n
21110
]
− 2(D2 − 4D + 8)m2eA
0,1+n
12110 − 16m
4
eA
0,1+n
22110 (107)
Diagram 5c:
(D − 2)(D − 8)
[
(∆ · p)An,001111 − (∆ · p)A
n,0
11101 + A
1+n,0
11101 + A
1+n,0
11011 − A
1+n,0
01111
−An,111011 + A
n,1
01111
]
+D(D − 2)A1+n,011110 + 8m
2
e
[
2A1+n,021011 + 2A
1+n,0
21101 − A
1+n,0
21110
−A1+n,020111
]
− (D − 2)(D − 4)
[
2A1+n,021001 + (∆ · p)A
n,0
10111
]
− 32m4eA
1+n,0
21111
+4(D − 2)
[
A1+n,010111 + A
n,1
11101 + (∆ · p)
(
An,011011 −A
n,0
11110
)
−A1+n,020101 −A
n,1
11110
−2B1+n,021101 − 2B
1+n,0
21011
]
+ 4(D − 4)m2e
[
2A1+n,011111 − (∆ · p)A
n,0
11111 − A
n,1
11111
]
(108)
Diagram 5d:
(D − 2)2
[
2A1+n,021100 − 2A
1+n,0
11110 + A
n,1
11110 + (∆ · p)
(
An,011110 − A
n,0
21100
)
+ 2B1+n,021110
]
−2(D − 4)2m2eA
1+n,0
21110 − 4(D − 2)m
2
e
[
(∆ · p)An,021110 + 2A
1+n,0
31100 + A
n,1
21110
]
−32m4eA
1+n,0
31110 (109)
Diagram 5e:
2(D − 2) (∆ · p)2
[
E0,010111 − E
0,0
11101 + E
0,0
01111
]
− 2D (∆ · p)E1,010111 + 4E
0,2
11011
+2(D − 2) (∆ · p)
[
E1,011011 + E
0,1
11011 − E
1,0
11110
]
+ 2(D − 6)
[
E1,111011 − E
1,1
01111
]
+2(D − 4)
[
E2,001111 −E
2,0
11011 + E
2,0
11110 − E
2,0
11101 + (∆ · p)E
0,1
01111
]
− 4E0,201111
+4(D − 3) (∆ · p)
[
E1,011101 − E
1,0
01111
]
+ 4 (∆ · p)
[
E0,110111 − E
0,1
11101
]
+ 4E1,111110
−4E1,111101 + 8m
2
e
[
(∆ · p)
(
E0,111111 + E
1,0
11111
)
+ E1,111111 −E
2,0
11111
]
(110)
Diagram 5f:
4(D − 2)
[
(∆ · p)E0,111110 −E
1,1
11110
]
+ 16m2eE
1,1
21110 (111)
Diagram 5g:
2(D − 4)
[
(∆ · p)F 0,101111 − F
2,0
11011 − F
2,0
11101 + F
2,0
11110 + F
2,0
01111
]
+ 2D (∆ · p)F 1,010111
+2(D − 2)
[
(∆ · p)
(
F 0,111101 − F
0,1
10111
)
+ F 1,111101 − F
1,1
11110 + F
0,2
01111 − F
0,2
11011
]
+4(D − 3)
[
F 1,111011 − F
1,1
01111
]
+ 2(D − 6) (∆ · p)
[
F 1,011101 − F
1,0
01111
]
+4 (∆ · p)2
[
F 0,011101 − F
0,0
10111 − F
0,0
01111
]
+ 4 (∆ · p)
[
F 1,011110 − F
1,0
11011 − F
0,1
11011
]
+8 (∆ · p)m2e
[
F 1,011111 + F
0,1
11111
]
− 8m2eF
2,0
11111 + 8m
2
eF
1,1
11111 (112)
Diagram 5h:
4(D − 2) (∆ · p)
[
F 0,111110 − F
1,0
11110 + F
1,0
21100
]
+ 16 (∆ · p)m2eF
1,0
21110 . (113)
Various of the integrals appearing in these expressions have only three or four propagators.
The 4-propagator integrals can be represented in terms of up to three Feynman parameter
integrals over the unit cube. In some cases, a direct calculation will give integrals with the
following structure
I(ε, n) =
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz xnf(x, y, z; ε) , (114)
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while in other cases they will be of the form
I(ε, n) =
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz xnynf(x, y, z; ε) . (115)
In the first case, the integrals represent a Mellin transform, and only the y and z integrals have
to be performed. A mapping of Feynman parameters providing this case can be applied for
(115), cf. [47], by the following transformation of the unit square into itself
x′ = xy, y′ =
x(1− y)
1− xy
. (116)
For example, the integral Aa,bν1ν2ν3ν40 can be calculated combining first the propagators D2
and D4 by introducing a Feynman parameter, then performing the integral in k2. After this the
result is combined with the remaining two propagators and the k1 integral is carried out. One
obtains
Aa,bν1ν2ν3ν40 = C
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz xb+ν134−3−
ε
2 (1− x)−ν4+1+
ε
2ya+b+ν3−1
× (1− y)−ν3+1+
ε
2zν24−3−
ε
2 (1− z)ν1−1
× [z(1 − x) + x(1− y)]4−ν1234+ε . (117)
Here we use the notation
νi,j...k =
∑
l={i,j...k}
νl (118)
and C = (−1)ν1234Γ(ν1234 − 4 − ε)(m
2
e)
4−ν1234+ε(∆ · p)a+b. In the case a = n, b = 0, after
interchanging x and y, the integral (117) is of the form given in (114). On the other hand, if
a = 0, b = n, we obtain an expression of the form (115). The change of variables according to
(116) yields
A0,nν1ν2ν3ν40 = C
∫ 1
0
dx′
∫ 1
0
dy′
∫ 1
0
dz x′n(x′ + y′ − x′y′)ν134−4−εx′ν3−1y′−ν3+1+
ε
2
× (1− x′)−ν123344+7+2ε(1− y′)−ν4+1+
ε
2zν24−3−
ε
2
× (1− z)ν1−1 [y′ + z − y′z]
4−ν1234+ε , (119)
which is of the form (114) as desired.
The easiest way to calculate the integrals with five propagators is to write them in terms
of 4-propagator integrals, using integration by parts (IBP) identities [48]. For the 5-propagator
A-type integrals which appear in expressions (106) to (109), one obtains
An,011111 =
1
ε
(
An,012101 − A
n,0
02111 + A
n,0
11102
)
(120)
A0,n11111 =
1
ε
(
A0,n21011 + A
0,n
11120 + A
0,n
01121 −A
0,n
10121 + A
0,n
11012 − A
0,n
10112
)
(121)
16
An,021111 = −
1
ε
[
−An,022101 − A
n,0
21102 +
1
1− ε
(
−An,012102 + 2A
n,0
03111 − 2A
n,0
13101
)]
(122)
A0,n12111 = −
1
ε
[
−A0,n12210 − A
0,n
02211 − A
0,n
12102 − A
0,n
22101
+
1
1− ε
(
−2A0,n31101 + 2A
0,n
30111 − A
0,n
21210 + 2A
0,n
20211 − A
0,n
21102
−A0,n21201 − 2A
0,n
11310 + 2A
0,n
10311 − 2A
0,n
01311 − A
0,n
11202
) ]
. (123)
For the E-type integrals one finds
Ea,b11111 =
1
1− ε
(
−bAn+a,b−111111 + (n+ b)A
a,n+b−1
11111 − E
a,b
12101 + E
a,b
02111 − E
a,b
11102
)
. (124)
In this way, the 5-propagator E-type integrals can be obtained from 4-propagator integrals of the
same type, together with the previously calculated Aa,b11111. In (124) the factor of n multiplying
the integral Aa,n+b−111111 can be absorbed in the integrand using integration by parts
n
∫ 1
0
dx xn−1f(x) =
∫ 1
0
dx xn [f(1)δ(1− x)− f ′(x)] , (125)
where we have assumed that xnf(x)|x=0 = 0 and f(x) is regular at x = 1, which is the case for
the diagrams being considered. Finally, we have
F a,b11111 =
1
b+ ε
(
bF a+1,b−111111 + F
a,b
12101 − F
a,b
02111 + F
a,b
11102
)
. (126)
This relation can be used recursively, that is, once F a,011111 is obtained from only 4-propagator
integrals, we can use it to obtain F a−1,111111 and then F
0,2
11111. More details on the way to obtain these
equations can be found in Appendix B.1.
The results for all of the required 4- and 5-propagator integrals, appearing in expressions
(106–113) can be found in Appendix B.5. All of these integrals were checked numerically for the
first few moments using Tarcer [49]. It turns out that all of the integrals can be expressed in
terms of Nielsen integrals [50],
Sn,p(x) =
(−1)n+p−1
(n− 1)!p!
∫ 1
0
dz
z
lnn−1(z) lnp(1− xz) (127)
Lin(x) = Sn−1,1(x) , (128)
partly weighted by denominators 1/x, 1/(1−x)k, 1/(1+x)l, k, l ≤ 3, as well as the distributions
δ(1− x) and Dk(x).
The diagrams with two photons being attached to the operator vertex are more simple, since
in this case only four propagators contribute. Furthermore, three factors of 6∆ occur and only
17
one term survives in the numerator after taking the trace. For diagram 5i we obtain
I5,i = S
2
ε
∫ 1
0
dx xn
{
32
ε2
[
− ln(1− x)−
x
1− x
ln(x)− 1 + (1− ζ2)δ(1− x) +D0(x)
+D1(x)
]
−
8
ε
[
(4D0(x)− 4)ζ2 − 4− 6D2(x)− 4D1(x) + 4D0(x)
+
x
1− x
(
3 ln2(x) + 2 ln(x) ln(1− x)− 4 ln(x)− 2Li2(1− x)
)
+ 2 ln(1− x) + 6 ln2(1− x) + (10− 4ζ2 − 6ζ3) δ(1− x)
]
− 32
+ 24ζ2 − 64ζ3 + 56ζ2 ln(1− x) + 48 ln(1− x)− 12 ln
2(1− x)
−
112
3
ln3(1− x) +
8x
1− x
[
ζ2 ln(x)− 8S1,2(1− x) + 5Li3(1− x)
− 3 ln(1− x)Li2(1− x)− 2 ln
2(x) ln(1− x)− 2Li2(1− x)
−
1
2
ln3(x) + 2 ln(x) ln(1− x) + 2 ln2(x)− 2 ln(x)Li2(1− x)
−
5
2
ln(x) ln2(1− x)
]
− 32Li2(1− x) + (32 + 8ζ2 + 64ζ3)D0(x)
− (56ζ2 + 32)D1(x) + 16D2(x) +
112
3
D3(x)
+ (152− 120ζ4 − 24ζ2 − 32ζ3)δ(1− x)
}
m2εe (∆ · p)
n . (129)
Diagram 5j yields
I5,j = S
2
ε
∫ 1
0
dx xn
{
16
ε2
[
− 1− 2 ln(1− x)− x+ 2D0(x) + 2D1(x) + (1− ζ2) δ(1− x)
]
−
16
ε
[
2x ln(1− x) + 3 ln2(1− x)− 2x− 2ζ2 + (2 + 2ζ2)D0(x)
− 2D1(x)− 3D2(x) + (2− 2ζ3) δ(1− x)
]
+ 32− 64x− 64ζ3
− (20− 12x)ζ2 + 16(1− 2x)
[
ln2(1− x)− 2 ln(1− x)
]
+ 16D2(x)
−
112
3
ln3(1− x) + 56ζ2 ln(1− x) + (32 + 8ζ2 + 64ζ3)D0(x)
− (32 + 56ζ2)D1(x) +
(
48 + 4ζ2 −
23
45
π4
)
δ(1− x) +
112
3
D3(x)
+ (−1)n
[
16
ε2
(
2x
1 + x
ln(x) + 1− x
)
−
16
ε
(
2x ln(x) + 2− 2x
−
x
1 + x
(
2ζ2 + ln
2(x) + 4 ln(x) ln(1 + x) + 4Li2(−x)
))
18
+ 64− 64x− 32(1 + x) ln(x) ln(1 + x) + 64x ln(x)
+
8x
1 + x
(
ζ2 ln(x) + 8 ln
2(1 + x) ln(x) + 8 ln(x)Li2(−x)
+ 4 ln2(x) ln(1 + x) + 8ζ2 ln(1 + x) + 16 ln(1 + x)Li2(−x)
+
2
3
ln3(x) + 16S1,2(−x)− 8Li3(−x)− 8ζ3
)
− 16x ln2(x)
− (12 + 20x)ζ2 − 32(1 + x)Li2(−x)
]}
m2εe (∆ · p)
n . (130)
The result for the unrenormalized matrix element
ˆˆ
A
(2),I
ee is
ˆˆ
A(2),Iee = S
2
ε
∫ 1
0
dx xn
{
8
ε2
[
−
1 + 3x2
1− x
ln(x)− 4(1 + x) ln(1− x)− 8− 4x+ 12D0(x)
+ 8D1(x) + (18− 4ζ2) δ(1− x)
]
−
4
ε
[
4x2 + 2x− 1
1− x
ln(x)− 7 + 3x
+ (1 + x)
(
12 ln2(1− x)−
1
2
ln2(x)− 4Li2(1− x)− 8ζ2
)
− 24D2(x)
+ (28 + 12x) ln(1− x) + 2
5x2 + 1
1− x
ln(x) ln(1− x) + (16ζ2 − 2)D0(x)
− 40D1(x)− (10ζ3 − 5ζ2 − 24)δ(1− x)
]
+
(
104
3
x+ 16 +
32
1− x
)
ζ2
+
1 + 3x2
1− x
[
6ζ2 ln(x)− 8 ln(x)Li2(1− x)− 4 ln
2(x) ln(1− x)
]
− (24− 18x) ln(1− x) + 16
1 + x2
1− x
[2Li3(−x)− ln(x)Li2(−x)]
+
(
22
3
x+ 32 +
64
3(1− x)2
−
51
1− x
−
16
3(1− x)3
)
ln2(x) +
80
3(1− x)
+ 56(1 + x)ζ2 ln(1− x)− (104 + 32x) ln
2(1− x)−
1
3
(1 + x) ln3(x)
+
(
178
3
− 36x+
64
3(1− x)2
−
140
3(1− x)
−
48
1 + x
)
ln(x)
+ 4
x2 − 8x− 6
1− x
ln(x) ln(1− x)− 2
1 + 17x2
1− x
ln(x) ln2(1− x)
+ 32
1 + x
1− x
[ln(x) ln(1 + x) + Li2(−x)]−
112
3
(1 + x) ln3(1− x)
+ 4
5− 11x2
1− x
[ln(1− x)Li2(1− x)− Li3(1− x)− 2ζ3]− 30x−
50
3
− 4
13x2 + 9
1− x
S1,2(1− x) +
4(16x2 − 10x− 27)
3(1− x)
Li2(1− x)
+ (16− 40ζ2 + 128ζ3)D0(x) + (24− 112ζ2)D1(x) + 144D2(x)
19
+
224
3
D3(x) +
[
192−
67
45
π4 + (128− 144 ln(2)) ζ2 + 82ζ3
]
δ(1− x)
+N
[(
−
24
ε
− 8
)
δ(1− x)− 24D0(x)
]
− (−1)N
[
−
4
ε
(
1 + x2
1 + x
(
4 ln(x) ln(1 + x) + 2ζ2 + 4Li2(−x)− ln
2(x)
)
+ 4x− 4− 2(1 + x) ln(x)
)
+
2(1− x)(45x2 + 74x+ 45)
3(1 + x)2
+
4(x2 + 10x− 3)
3(1 + x)
(ζ2 + 2Li2(−x) + 2 ln(x) ln(1 + x))
+
1 + x2
1 + x
(
8ζ2 ln(x)− 24ζ2 ln(1 + x) + 36ζ3 −
2
3
ln3(x)
− 4 ln2(x) ln(1 + x)− 24 ln(x) ln2(1 + x)− 16S1,2(1− x)
− 8 ln(x)Li2(1− x)− 48 ln(1 + x)Li2(−x) + 40Li3(−x)
− 24 ln(x)Li2(−x)− 48S1,2(−x)
)
+ 4x
1− x
(1 + x)3
ln2(x)
+
2(9 + 12x+ 30x2 − 20x3 − 15x4)
3(1 + x)3
ln(x)
−
16(x4 + 12x3 + 12x2 + 8x+ 3)
3(1 + x)3
Li2(1− x)
− 4x3
5− x
(1 + x)3
ln2(x)
]}
m2εe (∆ · p)
n (131)
Notice the presence of the term proportional to N , which is canceled by the counterterms. This
term stems from diagrams with one-loop insertions, such as diagrams 5d and 5h.
5.2 The OME A(2),IIee
The matrix elements
ˆˆ
A
(2),II
ee are obtained from the fermionic one-loop insertions shown in Figure 7
supplemented by the corresponding self–energy diagrams.
(a) (b)
Figure 7: Feynman diagrams for the calculation of the massive two-loop operator matrix elements
A
(2),II
ee .
One may use the fermionic one-loop vacuum polarization
Πµν2 (q) = −
8e2
(4π)D/2
(
q2gµν − qµqν
) ∫ 1
0
dx
Γ (2−D/2)x(1− x)
(m2e − x(1− x)q
2)2−D/2
, (132)
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in the corresponding one-loop diagrams, cf. Section 4. The result for
ˆˆ
A
(2),II
ee is
ˆˆ
A(2),IIee = S
2
ε
∫ 1
0
dx xn
{
8
ε2
[
2
3
(1 + x)−
4
3
D0(x)− 3δ(1− x)
]
−
8
ε
[
5x− 7
9
−
1 + x2
3(1− x)
ln(x)
−
4
3
(1 + x) ln(1− x) +
8
3
D1(x) +
2
9
D0(x)−
(
2
3
ζ2 + 3
)
δ(1− x)
]
+
76
27
x−
572
27
−
(
12x+
4
3
+
8
1− x
)
ln(x) +
128
9(1− x)2
+
80
27(1− x)
−
64
9(1− x)3
−
32
9
(
1
(1− x)2
−
5
(1− x)3
+
2
(1− x)4
)
ln(x)
+
16
3
(1 + x)
(
ln(1− x) + ln2(1− x)
)
−
2(1 + x2)
3(1− x)
ln2(x)
+
(
8
3
ζ3 + 18ζ2 −
4420
81
)
δ(1− x) +
(
224
27
−
8
3
ζ2
)
D0(x)
+
4
3
(1 + x)ζ2 −
32
3
(D1(x) +D2(x))
}
m2εe (∆ · p)
n
}
. (133)
5.3 The OME A(2),IIIee
The flavor pure–singlet diagrams of Figure 8 yield
ˆˆ
A
(2),III
ee . They can be calculated using the
corresponding one-loop off-shell insertion of the diagrams in Figure 4, see [27].
+ crossed
[ ]
Figure 8: Feynman diagrams for the calculation of the massive two-loop operator matrix elements
A
(2),III
ee .
For the insertion in diagrams 8a,b one obtains
I(8,a)µν (k) = 4
(∆ · k)n−1
(4π)D/2
Γ(3−D/2)
∫ 1
0
dx xn+D/2−2(1− x)−2+D/2
[
−2x(1− x)
gµνk
2 − 2kµkν
(−k2 +M2)3−D/2
(∆ · k)2 −
2m2egµν
(−k2 +M2)3−D/2
(∆ · k)2
+(1− x)
2(n+ 1)x− n
2−D/2
kµ∆ν + kν∆µ
(−k2 +M2)2−D/2
(∆ · k)
+(1− x)
n(1− 2x)−Dx
2−D/2
gµν
(−k2 +M2)2−D/2
(∆ · k)2
21
−(1− x)n
(n+ 1)(1− x)− 1
(1−D/2)(2−D/2)
∆µ∆ν
(−k2 +M2)1−D/2
]
, (134)
I(8,b)µν (k) = 8
(∆ · k)n−1
(4π)D/2
Γ(2−D/2)
∫ 1
0
dx (x− x2)D/2−1(xn + (1− x)n)
×
(∆ · k)∆µkν − k
2∆µ∆ν
(−k2 +M2)2−D/2
, (135)
with M2 = m2e/[x(1− x)] and k is the momentum of the photon line. Using these results
ˆˆ
A
(2),III
ee
is given by
ˆˆ
A(2),IIIee = S
2
ε
∫ 1
0
dx xn
1 + (−1)N
2
{
8
ε2
[
1− x
3x
(4x2 + 7x+ 4) + 2(1 + x) ln(x)
]
+
4
ε
[
5(1 + x) ln2(x)−
1 + x
3x
(8x2 − 17x− 16) ln(x) +
4(1− x)
9x
(5x2
+ 23x+ 14)
]
+
2
x
(1− x)(4x2 + 13x+ 4)ζ2 +
1
3x
(8x3 + 135x2 + 75x
+ 32) ln2(x) +
[
304
9x
−
80
9
x2 −
32
3
x+ 108−
32
1 + x
−
64(1 + 2x)
3(1 + x)3
]
ln(x)
−
224
27
x2 + 16
1− x
3x
(x2 + 4x+ 1) [2 ln(x) ln(1 + x)− Li2(1− x)
+2Li2(−x)] + (1 + x)
[
4ζ2 ln(x) +
14
3
ln3(x)− 32 ln(x)Li2(−x)
− 16 ln(x)Li2(x) + 64Li3(−x) + 32Li3(x) + 16ζ3
]
−
182
3
x+ 50
−
32
1 + x
+
800
27x
+
64
3(1 + x)2
}
m2ε(∆ · p)n . (136)
The factor [1 + (−1)N ]/2 occurs because of the different directions of the momentum flow in
the external fermion lines in the diagrams of Figure 8. For all operator matrix elements, which
are not the same in the unpolarized and polarized case factors of this type appear [51]. In the
present case N is even.
5.4 O(a2) Results
From the pole-terms of the unrenormalized OMEs (131, 133, 136), resp. the renormalized OMEs
(74–76), one may determine the 2-loop splitting functions P
(1),I
ee (x) to P
(1),III
ee (x) and the constant
parts of the unrenormalized OMEs Γˆ
(1),I−III
ee (x). Here the splitting functions result from a massive
calculation. The operator matrix element (131) contains two branches. The contributions to
the present process result from the first branch. The corresponding contribution to the 2-loop
splitting function is found to be
P (1),Fee (x) ≡
1
2
P (1),Iee (x)
= −8
[
1 + x2
1− x
{
ln(x) ln(1− x) +
3
4
ln(x)
}
+
1
4
(1 + x) ln2(x) +
1
4
(3 + 7x) ln(x)
+
5
2
(1− x)
]
+
3
2
(1− 8ζ2 + 16ζ3) δ(1− x) . (137)
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The pole part of the second branch, labeled by the factor (−1)N , is given by
P (1),Aee (x) ≡ P
(1)
ee (x) ≡
1
2
P¯ (1),Iee (x) = 8
[
1 + x2
1 + x
S2(x) + (1 + x) ln(x) + 2(1− x)
]
, (138)
where
S2(x) = −2Li2(−x)− 2 ln(x) ln(1 + x) +
1
2
ln2(x)− ζ2, (139)
cf. [40].
From the OMEs II and III the splitting functions
P
(1),Nf
ee (x) ≡
1
2
P (1),IIee (x)
= −
80
9
D0(x)−
2
3
(1 + 8ζ2) δ(1− x)−
16
3
ln(x)
1− x
+
8
3
(1 + x) ln(x)−
8
9
(1− 11x)
= −8
[
1 + x2
1− x
(
1
3
lnx+
5
9
)
+
2
3
(1− x)
]
+
, (140)
P (1),PSee (x) ≡
1
2
P (1),IIIee (x)
= 8
[(
1
2
+
5
2
x+
4
3
x2
)
ln x−
1
2
(1 + x) ln2 x+
1− x
9x
(
10 + x+ 28x2
)]
, (141)
are obtained in accordance with known results from Quantum Chromodynalmics [40] setting
CA = 0, CF = TF = 1. In the present calculation we choose Nf = 1.
The unrenormalized operator matrix elements at the level of Aˆ
(2),I−III
ee (71–73) obey fermion
number conservation, i.e. their first moment vanishes. The constant contributions to the un-
renormalized OMEs (71–73) are given by
Γˆ(1),Iee =
1 + 3x2
1− x
[
6ζ2 ln(x)− 8 ln(x)Li2(1− x)− 4 ln
2(x) ln(1− x)
]
+
(
122
3
x+ 22 +
32
1− x
)
ζ2 + 16
1 + x2
1− x
[2Li3(−x)− ln(x)Li2(−x)] +
80
3(1− x)
+56(1 + x)ζ2 ln(1− x) +
(
22
3
x+ 32 +
64
3(1− x)2
−
51
1− x
−
16
3(1− x)3
)
ln2(x)
−(92 + 20x) ln2(1− x) +
(
178
3
− 36x+
64
3(1− x)2
−
140
3(1− x)
−
48
1 + x
)
ln(x)
−
1
3
(1 + x) ln3(x) + 4
x2 − 8x− 6
1− x
ln(x) ln(1− x)− 2
1 + 17x2
1− x
ln(x) ln2(1− x)
−
112
3
(1 + x) ln3(1− x) + 32
1 + x
1− x
[ln(x) ln(1 + x) + Li2(−x)]− 22x−
62
3
−4
13x2 + 9
1− x
S1,2(1− x) + 4
5− 11x2
1− x
[ln(1− x)Li2(1− x)− Li3(1− x)− 2ζ3]
+
4(16x2 − 10x− 27)
3(1− x)
Li2(1− x) + 14(x− 2) ln(1− x)
+ (16− 52ζ2 + 128ζ3)D0(x) + (8− 112ζ2)D1(x) + 120D2(x) +
224
3
D3(x)
23
+[
433
8
−
67
45
π4 +
(
37
2
− 48 ln(2)
)
ζ2 + 58ζ3
]
δ(1− x)
+(−1)n
{
2(1− x)(45x2 + 74x+ 45)
3(1 + x)2
+
2(9 + 12x+ 30x2 − 20x3 − 15x4)
3(1 + x)3
ln(x)
+
4(x2 + 10x− 3)
3(1 + x)
(ζ2 + 2Li2(−x) + 2 ln(x) ln(1 + x))
+
1 + x2
1 + x
[
8ζ2 ln(x)− 24ζ2 ln(1 + x) + 36ζ3 −
2
3
ln3(x) + 40Li3(−x)
− 4 ln2(x) ln(1 + x)− 24 ln(x) ln2(1 + x)− 24 ln(x)Li2(−x)
− 48 ln(1 + x)Li2(−x)− 8 ln(x)Li2(1− x)− 16S1,2(1− x)
− 48S1,2(−x)
]
−
16(x4 + 12x3 + 12x2 + 8x+ 3)
3(1 + x)3
Li2(1− x)
+4x
1− x− 5x2 + x3
(1 + x)3
ln2(x)
}
(142)
Γˆ(1),IIee =
76
27
x−
572
27
−
(
12x+
4
3
+
8
1− x
)
ln(x) +
128
9(1− x)2
+
80
27(1− x)
−
64
9(1− x)3
−
32
9
(
1
(1− x)2
−
5
(1− x)3
+
2
(1− x)4
)
ln(x)−
2(1 + x2)
3(1− x)
ln2(x) +
4
3
(1 + x)ζ2
+
16
3
(1 + x)
(
ln(1− x) + ln2(1− x)
)
+
(
224
27
−
8
3
ζ2
)
D0(x)
−
32
3
(D1(x) +D2(x)) +
(
8
3
ζ3 − 10ζ2 +
1411
162
)
δ(1− x) (143)
Γˆ(1),IIIee =
2
x
(1− x)(4x2 + 13x+ 4)ζ2 +
1
3x
(8x3 + 135x2 + 75x+ 32) ln2(x) + 50
+
[
304
9x
−
80
9
x2 −
32
3
x+ 108−
32
1 + x
−
64(1 + 2x)
3(1 + x)3
]
ln(x)−
224
27
x2 −
182
3
x
+16
1− x
3x
(x2 + 4x+ 1) [2 ln(x) ln(1 + x)− Li2(1− x) + 2Li2(−x)] +
800
27x
+(1 + x)
[
4ζ2 ln(x) +
14
3
ln3(x)− 32 ln(x)Li2(−x)− 16 ln(x)Li2(x)
+64Li3(−x) + 32Li3(x) + 16ζ3
]
−
32
1 + x
+
64
3(1 + x)2
. (144)
The constant contributions (142–144) enter the single differential cross section linearly and all
contain terms of the kind ∼ 1/(1− x)3 and ln(x)/(1− x)4 etc. The massless Wilson coefficients
of the Drell-Yan process to 2-loops are free of such terms, cf. [20, 21], like all the other Mellin
convolutions which contribute. For the processes II and III non of these terms were found in [1]
resp. [25], while terms like ln2(x)/(1 − x)2 are present in the cross section for process I. We
therefore conclude that the use of standard matrix elements for local operators alone, (17–21),
are not sufficient to reproduce the constant terms. This aspect requires further investigation.
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It occurs for massive external fermion lines in contrast to the case of massless external parton
lines. There the constant terms are correctly reproduced in the limit s≫ m2.
Finally we present the O(a20) contributions up to the logarithmic term Lˆ in (40–42), which
have been computed based on the present 2-loop calculation of the massive operator matrix
elements with an external massive fermion line. They are given by
T 2,Iaee = 16a
2
0
{[
4D1(x) + 3D0(x) +
(
9
8
− 2ζ2
)
δ(1− x)− 2
ln(x)
1− x
− (1 + x)
(
2 ln(1− x)−
3
2
(ln(x)− 1)
)
− 1 + x
]
Lˆ2
+
[
−8D1(x) + (−7 + 4ζ2)D0(x)−
1
4
(11 + 7x) ln(x)
+
1 + x2
1− x
(
− ln2(x) +
11
4
ln(x) + ln(1− x) ln(x)
)
+ (1 + x)
(
−2ζ2 + 4 ln(1− x) +
1
4
ln2(x)
)
+ 3 + 4x
+
(
−
45
16
+
11
2
ζ2 + 3ζ3
)
δ(1− x)
]
Lˆ
}
(145)
T 2,IIaee = 16a
2
0
{[
1
3
D0(x)−
1
6
(1 + x) +
1
4
δ(1− x)
]
Lˆ2
+
[
1 + x2
1− x
[
2
3
ln(1− x)−
1
3
ln(x)−
5
9
]
−
2
3
(1− x)−
17
12
δ(1− x)
]
Lˆ
}
(146)
T 2,IIIaee = 16a
2
0
{[
1
2
(1 + x) ln(x) +
1
3x
+
1
4
−
1
4
x−
1
3
x2
]
Lˆ2
+
[
(1 + x)
(
2 ln(x) ln(1− x)− ln2(x) + Li2(1− x)
)
+
(
4
3x
+ 1− x−
4
3
x2
)
ln(1− x)−
(
2
3x
+ 1−
1
2
x−
4
3
x2
)
ln(x)
−
8
9x
−
8
3
+
8
3
x+
8
9
x2
]
Lˆ
}
. (147)
These terms agree with the corresponding terms in Ref. [1], Eqs. (2.30, 2.40, 2.42, 2.43) and for
(146) with Ref. [25].
6 Conclusions
We have calculated the QED matrix elements with an external massive fermion for the local
operators of the light-cone expansion to O(a2) up to the constant term in the dimensional
parameter ε in the MS scheme. The OMEs can be renormalized applying the technique having
been developed recently in [27]. The renormalized OMEs obey fermion number conservation.
Various technical details of the calculation and intermediate results are provided. We investigated
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the factorization of the O(α2) QED initial state corrections to e+e− annihilation into a virtual
boson for large cms energies s ≫ m2e into massive OMEs and the massless Wilson coefficients
of the Drell-Yan process adapting the color coefficients to the case of QED, as being proposed
in Ref. [1]. We have shown by an explicit calculation, that the representation works at one-loop
order and at two-loop order including all terms up to the linear order in ln(s/m2e). In the constant
term in O(a2) the OMEs bear a few structural terms, which have not been obtained in previous
direct calculations [1, 25], despite a large part of other terms appear as being expected by the
factorization. Further studies are needed to reveal the reason for this. This finding appears in
contrast to the case of massless external fermion and boson lines, where the corresponding cross
sections have been shown to factorize including the constant terms in [18, 19, 23, 26].
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A Convolutions of one–loop quantities
In Eqs. (40–42) a series of convolutions of one-loop functions occurs. Some of them where given
in the Tables in [15, 52]. 9 A few more convolutions are needed which are given by :
D1(x)⊗D1(x) = D3(x)− 2ζ2D1(x) + 2ζ3D0(x)−
ζ4
4
δ(1− x)
+
2 [Li3(x)− ζ3]− ln(x)Li2(x)− ln(x) ln
2(1− x)
1− x
(148)
D1(x)⊗ ln(1− x) = Li3(1− x) + 2Li3(x) + [ln(1− x)− ln(x)] Li2(x)
+
1
2
ln3(1− x)− 2ζ2 ln(1− x)− ζ3 (149)
D1(x)⊗ x ln(1− x) = xLi3(1− x) + 2xLi3(x)− [1 + x [ln(x)− ln(1− x)]] Li2(x)
+
x
2
ln3(1− x) + (1− x) ln2(1− x)− (1− x) ln(1− x)
−x ln(x)− (1− x) ln(x) ln(1− x)− 2xζ2 ln(1− x) + x(ζ2 − ζ3)
(150)
ln(x)
x
⊗ x2 =
1
9x
[
3 ln(x) + 1− x3
]
(151)
ln(x)x⊗ x2 = x [ln(x) + 1− x] (152)
ln(x)⊗ x2 =
1
4
[
2 ln(x) + 1− x2
]
(153)
ln(x)
x
⊗ x =
1
4x
[
2 ln(x) + 1− x2
]
(154)
ln(x)
x
⊗ 1 =
1
x
[ln(x) + 1− x] (155)
ln(x)⊗ ln(1− x) = Li3(x)− ζ2 ln(x)− ζ3 (156)
ln(x)⊗ x ln(1− x) = − [Li2(x)− ζ2] + (1− x) [ln(1− x)− 2]− ln(x) (157)
x ln(x)⊗ ln(1− x) = x [Li2(x)− ζ2]− (1− x) ln(1− x) + x ln(x)
[
1
2
ln(x)− 1
]
(158)
x ln(x)⊗ x ln(1− x) = x [Li3(x)− ζ3 − ζ2 ln(x)] (159)
ln(1− x)⊗ ln(1− x) = −{2S12(x) + 2S12(1− x) + ln(x) [Li2(1− x)− ζ2]− 2ζ3} (160)
ln(1− x)⊗ x ln(1− x) = (1− x)
[
Li2(1− x) + ln
2(1− x)− ln(1− x)
]
+ζ2(2x− 1)− x [Li2(x) + ln(x)] (161)
x ln(1− x)⊗ x ln(1− x) = −x {2S12(x) + 2S12(1− x) + ln(x) [Li2(1− x)− ζ2]− 2ζ3}
(162)
We finally list some Mellin convolutions of splitting- and related functions :
1
2
(
P (0)ee ⊗ P
(0)
ee
)
(x) = 64D1(x) + 48D0(x) + (18− 32ζ2) δ(1− x)
−32
ln(x)
1− x
− 16(1 + x)
[
2 ln(1− x)−
3
2
ln(x) +
3
2
]
− 16(1− x)
= 16
[
1 + x2
1− x
{
2 ln(1− x)− ln x+
3
2
}
+
1
2
(1 + x) ln x− (1− x)
]
+
(163)
9The distribution-valued contributions to (148) were also given in [53].
27
12
(
P (0)eγ ⊗ P
(0)
γe
)
(x) = 16
[
(1 + x) ln x+
1
2
(1− x) +
2
3
1
x
(1− x3)
]
(164)[
P (0)ee ⊗ Γ
(0)
ee
]
(x) = −96D2(x)− 112D1(x) + 8(1 + 8ζ2)D0(x)
+8(−8ζ3 + 4ζ2 + 3)δ(1− x) + 16(1 + x)Li2(x)
+48(1 + x)
(
ln2(1− x)− ζ2
)
+ 8(11 + 3x) ln(1− x)
−4(1 + x) + 32
{1 + x2
1− x
[
ln(1− x) +
1
2
]
−
1
4
(1− x)
}
ln(x)
(165)[
Γ(0)ee ⊗ Γ
(0)
ee
]
(x) = 64D3(x) + 96D2(x)− 32 (1 + 4ζ2)D1(x)
−32 (1 + 2ζ2 − 4ζ3)D0(x)
+16 (1− ζ2 + 4ζ3 − ζ4) δ(1− x) + 8(3 + x)
+64
[
1 +
ln(x)
1− x
+ (1 + x) ln(1− x)−
3
4
(1 + x) ln(x)
]
ζ2
−64 (1 + x) ζ3 + 16(1 + x) ln(1− x)− 32(1 + x) ln
3(1− x)
−16(5 + x) ln2(1− x) + 48(1 + x) ln(x) ln2(1− x)
+16(3 + x) ln(x) ln(1− x) + 4(3 + 7x) ln(x)
−16
ln (x)
1− x
[
4 ln2(1− x) + 4 ln(1− x) + 1
]
+16
[
2(1 + x) ln(1− x) + 3(1 + x) ln(x)− (1− x)
−4
ln (x)
1− x
]
Li2(1− x)− 32 (1 + x) Li3(1− x)
+32
[
3(1 + x)−
4
1− x
]
S1,2(1− x) (166)[
P 0)eγ ⊗ Γ
(0)
γe
]
(x) = −16(1 + x) ln2(x)−
(
64
3x
+ 48 + 32x
)
ln(x)−
304
9x
(
1− x3
)
−8(1− x) . (167)[
P (0)ee ⊗
(
2Γ(0)ee + σ˜
(0)
ee
)]
(x) = −128D1(x)− 16(7− 4ζ2)D0(x)− 16(3− 7ζ2)δ(1− x)
−8
(
1 + x2
1− x
)
ln(x) [4 ln(1− x)− 2 ln(x)− 1]
−8(1 + x)
[
ln2(x)− 8 ln(1− x) + 4ζ2
]
−32x ln(x) + 88 + 24x (168)[
Γ(0)ee ⊗ σ˜
(0)
ee
]
(x) = −128D3(x)− 96D2(x) + 192 (1 + ζ2)D1(x)
+32 (2 + ζ2 − 8ζ3)D0(x) + 32 (−2 + ζ2 − 2ζ3 + ζ4) δ(1− x)
−16(1 + 3x) + 8(3− x) ln(x)− 64(2 + x) ln(1− x)
−112(1 + x) ln(x) ln2(1− x) + 64(1 + x) ln3(1− x)
+24(1 + x) ln2(x) ln(1− x) + 4(3 + x) ln2(x)
−16(5− x) ln(x) ln(1− x) + 4(28− 4x) ln2(1− x)
+16
ln(x)
1− x
[
10 ln2(1− x)− 2 ln(x) ln(1− x)
28
+6 ln(1− x)− ln(x)− 2
]
+ 128(1 + x)ζ3
+16
[
2 + 4
ln(x)
1− x
− (1 + x) (3 ln(x) + 4 ln(1− x))
]
Li2(1− x)
+64 (1 + x) Li3(1− x)− 16
[
7(1 + x)−
8
1− x
]
S1,2(1− x)
+
[
96(1 + x) (ln(x)− ln(1− x)) + 48x− 128
ln(x)
1− x
− 80
]
ζ2 (169)
[
Γ
(0)
γe ⊗ P
(0)
eγ
]
(x) = 8
{
2
3
(1 + x) ln3(x) + (3 + 2x) ln2(x) +
[
(7x+ 8) +
1
2
(1 + x)ζ2
]
ln(x)
−(4x2 + 7x− 11) +
3
4
(1− x)ζ2
}
(170)
[
P (0)γe ⊗ σ˜
(0)
eγ
]
(x) = −
40
3
x+
272
9
x2 +
16
9
1
x
−
56
3
+
(
16 +
64
3
1
x
−
64
3
x2 − 16 x
)
ln (1− x)
+ (32 + 32 x) [Li2 (1− x) + ln(x) ln(1− x)]
+
(
16 +
32
3
x2 + 8 x
)
ln (x)− 8 (1 + x) ln2 (x) (171)[
Γ(0)γe ⊗ σ˜
(0)
eγ
]
(x) =
8
3
(1 + x) ln3 (x) + 8 x ln2 (x)
+
[
−
16
9
1
x
− 20 + 28x−
152
9
x2 − 32 (1 + x) ζ2
]
ln (x)
+
[
−
304
9
1
x
− 8 + 8 x
304
9
x2
]
ln (1− x)
+
(
32 x+ 48 +
64
3
1
x
)
[Li2 (x)− ζ2] + (32 + 32 x) [Li3 (x)− ζ3]
+
28
27
1
x
+
314
9
+
232
9
x−
1666
27
x2 (172)
Γ¯(0)ee (x)⊗ P
(0)
ee (x) =
128
3
D3(x) + 72D2(x) + (24− 48ζ2)D1(x) + (64ζ3 − 20ζ2 + 32)D0(x)
+4(1 + x)
(
4S1,2(x) + 6ζ2 ln(1− x)− 12ζ3 −
16
3
ln3(1− x)− 3 ln(1− x)
)
−2
1 + 3x2
1− x
ζ2 ln(x)− 16
1 + x2
1− x
ln(x)
[
ln(1− x) + ln2(1− x)
]
−8(1− x)Li2(x)− (52 + 20x) ln
2(1− x) + (14 + 6x)ζ2 − 8x ln(x)
−24− 8x+
(
9
2
ζ2 + 32ζ3 − 84ζ4 + 24
)
δ(1− x) (173)
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B Integrals
In the following we present some decompositions of five–propagator integrals in terms of four-
propagator integrals using integration by parts [48]. In some cases Mellin–Barnes representations
are applied for checks. In a sample calculation we illustrate main steps of the computation of
the massive OMEs. Furthermore, we list a series of complicated integrals and finally summarize
the structure of the individual diagrams in terms of Nielsen integrals.
B.1 Integration by parts
Eqs. (120–123) are obtained from the integration by parts relation
E
a,b
ν1ν2ν3ν4ν5
(q, l) =
∫
dDk1
(2π)D
dDk2
(2π)D
∂
∂qµ
(
lµ
(∆ · k1)
a(∆ · k2)
b
Dν11 D
ν2
2 D
ν3
3 D
ν4
4 D
ν5
5
)
= 0 , (174)
where qµ = kµ1 , k
µ
2 and l
µ = pµ, kµ1 , k
µ
2 . For example, (120) results subtracting E
n,0
11111(k2, k1) from
E
n,0
11111(k2, k2). On the other hand, the most complicated equation of this family, namely, (123)
can be obtained from
E
0,n
21111(k1, k2)− E
0,n
21111(k1, k1) + E
0,n
11211(k1, k2)− E
0,n
11211(k1, k1)
−(D − 5)
[
E
0,n
12111(k1, k2)− E
0,n
12111(k1, k1)
]
= 0 . (175)
In the same way, it is possible to obtain relations for An,111111 and A
1,n
11111, which are needed to
obtain the E-type integrals from (124).
Sometimes it is even possible to use (174) to reduce 4-propagator A-type integrals to a linear
combination of integrals with just three propagators. For example, it can be shown that
An,031110 =
1
1 + ε
{
An,032100 −
2
ε
[
An,023100 +
3
1− ε
(
An,014100 − A
n,0
04110
)]}
. (176)
It turns out to be much easier to calculate An,031110 from this equation than by introducing Feynman
parameters directly.
Equations for the B-type integrals can also be obtained by setting one of the powers of the
propagators in (174) to zero. For example, from
E
0,n
11110(k1, p) + E
0,n
11110(k2, p) = 0 , (177)
one may obtain
B0,n12110 =
n
2
(∆ · p)A0,n−111110 −m
2A0,n21110 −
1
2
A0,n01210 +
1
2
A0,n21010 , (178)
and from En,011101(k1, k2) = 0, one may get
Bn,021101 =
1
2
[
nAn−1,111101 − A
n,0
21001 + A
n,0
21100 − A
n,0
20101 + A
n,0
11200 −A
n,0
10201
−An,011002 + A
n,0
10102 + 2m
2An,011102
]
. (179)
These kind of equations can be used to check the results obtained directly using Feynman
parameters for this type of integrals.
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Let us consider now the E-type integrals. Using
n−1∑
j=0
(∆ · k2)
j(∆ · k1)
n−1−j =
(∆ · k2)
n − (∆ · k1)
n
∆ · k2 −∆ · k1
, (180)
we can rewrite them as
Ea,bν1ν2ν3ν4ν5 = J
a,n+b
ν1ν2ν3ν4ν5
− Jn+a,bν1ν2ν3ν4ν5 , (181)
where
Ja,bν1ν2ν3ν4ν5 =
∫
dDk1
(2π)D
dDk2
(2π)D
(∆ · k1)
a(∆ · k2)
b
D∆D
ν1
1 D
ν2
2 D
ν3
3 D
ν4
4 D
ν5
5
, (182)
with D∆ = ∆ · k2 −∆ · k1. We define also
Ka,bν1ν2ν3ν4ν5 =
∫
dDk1
(2π)D
dDk2
(2π)D
(∆ · k1)
a(∆ · k2)
b
D2∆D
ν1
1 D
ν2
2 D
ν3
3 D
ν4
4 D
ν5
5
. (183)
Then, from ∫
dDk1
(2π)D
dDk2
(2π)D
∂
∂kµ2
(
(k2 − k1)
µ (∆ · k1)
a(∆ · k2)
b
D∆D1D2D3D4D5
)
= 0 , (184)
and using
Ka+1,bν1ν2ν3ν4ν5 −K
a,b+1
ν1ν2ν3ν4ν5
= Ja,bν1ν2ν3ν4ν5 , (185)
and
Ja+1,bν1ν2ν3ν4ν5 − J
a,b+1
ν1ν2ν3ν4ν5
= Aa,bν1ν2ν3ν4ν5 , (186)
Eq. (124) is obtained. Similar manipulations lead to (126).
B.2 Mellin-Barnes representation
The 5-propagator integrals can be also calculated and/or checked using a Mellin-Barnes repre-
sentation [54]. To do this, we follow the ideas developed in [55], where a Mellin-Barnes repre-
sentation was used to study the massless two-loop two-point function with arbitrary powers of
the propagators. In fact, these ideas have been already applied to the calculation of massive
operator matrix elements with external gluon lines [56].
The presence of the mass and the Mellin variable n make our integrals more complicated
compared with the massless two-point function, so in order to obtain the Mellin-Barnes rep-
resentation of lowest dimensionality, it is necessary to choose the right momenta flow in the
diagrams. Let us consider the integrals Aa,bν1ν2ν3ν4ν5 . It turns out that changing variables
k1 → k2 + p , k2 → k1 , (187)
so that now the propagators in (100) become
D1 = (k2 + p)
2 −m2 , D2 = k
2
1 −m
2 , D3 = k
2
2 ,
D4 = (k2 − k1 + p)
2 , D5 = (k1 − k2)
2 −m2 ,
one can obtain a two-dimensional Mellin-Barnes representation. This is achieved combining
the propagators D2 and D5 with a Feynman parameter, and then combining the result with
D4 introducing another Feynman parameter. After completing squares and performing the k1
integral, one obtains
Aa,bν1,ν2,ν3,ν4,ν5 =
∫ 1
0
dx
∫ 1
0
dy
∫
dDk2
(2π)D
i
Γ(ν245 − 2− ε/2)
Γ(ν2)Γ(ν4)Γ(ν5)
(−1)ν245
(4π)D/2
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×xν2−1(1− x)ν5−1y−ν4+1−
ε
2 (1− y)ν4−1
×
(∆ · k2 +∆ · p)
a [(1− xy)∆ · k2 + (1− y)∆ · p]
b
Dν11 D
ν3
3 [ym
2
e − x(1− y)D1 − xy(1− x)D3]
ν245−D/2
. (188)
Now, the denominator can be split twice using
1
(X + Y )ν
=
Y −ν
2πiΓ(ν)
∫ +i∞
−i∞
dσ XσY −σΓ(−σ)Γ(σ + ν) , (189)
and we are left with only two propagators, which can be calculated directly. One obtains
Aa,bν1,ν2,ν3,ν4,ν5 ∝
(−1)ν1...5+1
Γ(ν2)Γ(ν4)Γ(ν5)
b∑
k=0
(−1)k
b!
(b− k)!k!
1
(2πi)2
×
∫ +i∞
−i∞
dσ
∫ +i∞
−i∞
dτ Γ(−σ)Γ(−τ)
Γ(σ + k + ν5)Γ(σ + τ + ν2)
Γ(2σ + τ + k + ν25)
× Γ(σ + τ + ν245 − 2− ε/2)
Γ(−σ − τ + ν13 − 2− ε/2)
Γ(ν3 − σ)Γ(ν1 − τ)
×
Γ(2σ + τ + k − ν1 − 2ν3 + 4 + ε)Γ(−σ + a+ b− k + ν3)
Γ(σ + τ + a + b− ν13 + 4 + ε)
×
Γ(τ + b− k + ν4)Γ(−τ − ν25 − 2ν4 + k + 4 + ε)
Γ(b− ν245 + 4 + ε)
. (190)
For this expression, we can use the package MB [57] to check the integrals numerically, which can
be done for up to relatively large values of n. This is the main advantage of this method over
Tarcer [49], which allows to check only the first three or four moments10. One may try also to
obtain analytic results starting from equation (190), but unfortunately, unlike the case where we
have an external massless particle [56], this turns out to be rather complicated, although being
possible in some cases.
This method can also be applied to check the 4-propagator integrals. For example, the
denominators in (117) and (119) can be split using equation (189) just once, leading to a simple
one-dimensional Mellin-Barnes representation. In spite of this simplicity, on occasions the MB
package cannot find a proper contour. This usually happens for integrals with high powers of
the propagators, like the 4-propagator integrals appearing in equations (122) and (123), which
have a highly singular structure. As it is well–known, this problem can be cured introducing an
additional regularization parameter.
B.3 Sample calculations
As it was mentioned before, the method of integration by parts has the advantage that it allows
to write all 5-propagator integrals in terms of 4-propagator ones, which are simpler to calcu-
late because they can be parameterized using only three Feynman parameters. In the case of
Eq. (123), this simplicity is somewhat spoiled by the high powers of the propagators in the
4-propagator integrals. Let us consider one of the integrals appearing in that equation, namely,
A0,n11310 ∝
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz xn+2(1− x)−3+2ε(x+ y − xy)1−ε
10
Tarcer can be modified to handle larger values of n on the expense of very long computational times.
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× y−2+ε/2(1− y)ε/2z−1−ε/2(z + y − zy)−2+ε . (191)
It is not difficult to see that the singularity structure in ε is shared by the three Feynman
parameters in a way that is not easy to disentangle. If one tries to expand in ε directly, the
integrals will be ill-defined, and it is difficult to find suitable subtraction integrals to cure this.
To solve the problem, we decomposed the integral as
A0,n11310 ∝ I1 + I2 − I3 , (192)
where
I1 = −
2
ε
∫ 1
0
dx
∫ 1
0
dy xn+2(1− x)−3+2ε(x+ y − xy)1−ε
× y−4+ε/2(1− y)ε/2 , (193)
I2 =
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz xn+2(1− x)−3+2ε(x+ y − xy)1−ε
× y−4+ε/2(1− y)1+ε/2z−ε/2(z + y − zy)−1+ε , (194)
I3 =
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz xn+2(1− x)−3+2ε(x+ y − xy)1−ε
× y−3+ε/2(1− y)1+ε/2z−ε/2(z + y − zy)−2+ε . (195)
Here, integral I1 was obtained performing integration by parts in z. It turns out that the change
of variables (116), which was used before to write the integrals as Mellin transforms, can be used
now to obtain expressions that can be safely expanded in ε. For example, for the integrals I2
and I3, we change variables by
y = y′z′ , z =
y′(1− z′)
1− z′y′
, (196)
which leads to
I2 =
∫ 1
0
dx
∫ 1
0
dy′
∫ 1
0
dz′ xn+3−ε(1− x)−3+2ε
(
1 +
1− x
x
y′z′
)1−ε
× y′−4+εz′−4+ε/2(1− z′)−ε/2(1− y′z′)ε , (197)
I3 =
∫ 1
0
dx
∫ 1
0
dy′
∫ 1
0
dz′ xn+3−ε(1− x)−3+2ε
(
1 +
1− x
x
y′z′
)1−ε
× y′−4+εz′−3+ε/2(1− z′)−ε/2(1− y′z′)ε . (198)
Now, the expansion in ε (not including the term (1−x)−3+2ε) will produce only logarithms that
are regular at x = 1, and can be calculated using∫ 1
0
dy y−a+bε(1− y)cε lnk(1 + χy) =
1
1− a+ bε
[
−kχ
∫ 1
0
dy
y−a+1+bε(1− y)cε
1 + χy
lnk−1(1 + χy)
+cε
∫ 1
0
dy y−a+1+bε(1− y)−1+cε lnk(1 + χy)
]
, (199)
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recursively to analytically continue the expressions by reducing the highly singular powers in the
integration variables. A few other integrals which appear in (123) can be performed in the same
way.
The E- and F -type integrals can be written in terms of Feynman parameters from the
corresponding expressions for the A-type integrals using
Ea,bν1ν2ν3ν4ν5 =
n−1∑
j=0
Aa+j,b+n−1−jν1ν2ν3ν4ν5 , (200)
F a,bν1ν2ν3ν4ν5 =
n−1∑
j=0
(∆ · p)n−1−jAa+j,bν1ν2ν3ν4ν5 . (201)
For example,
E1,011101 ∝
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz
n−1∑
j=0
xn−1−j−ε/2(1− x)−ε/2yj+1−ε/2(1− y)n−1−j
× z−1−ε/2[yz + x(1− x)(1− y)2]ε
=
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz
[
xn+1−ε/2
y−ε/2(1− y)−ε/2z−1−ε/2
(x+ y − xy)[xz + y(1− y)(1− x)2]−ε
− xn
(x+ y − xy)−1−ε(1− x)2y1−ε/2(1− y)−ε/2z−1−ε/2
(x2 + y − x2y)[yz + x2(1− y)]−ε
]
,
(202)
and
E1,121110 ∝
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz
n−1∑
j=0
xn+1−j−ε/2(1− x)ε/2yε/2(1− y)n+1
× z−1−ε/2(1− z)[z(1 − x) + xy]−1+ε
= Ia − Ib , (203)
where
Ia =
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz xn+1
y−1+ε/2(1− y)2−ε/2z−1−ε/2(1− z)
(1− x)−ε/2[zy + (1− y)(1− x)]1−ε
, (204)
and
Ib =
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz xn+1
yε/2(1− y)−1+ε/2z−1−ε/2(1− z)
(1− x)1−2ε(x+ y − xy)ε(y + z − yz)1−ε
. (205)
Integral Ia is particularly difficult. One way to perform it is to use the integral representation
of the hypergeometric function [58]
2F1(α, β; γ; z) =
1
B(β, γ − β)
∫ 1
0
dt tβ−1(1− t)γ−β−1(1− tz)−α , (206)
for Re γ > Re β > 0 and then use the following analytic continuation [59]
2F1(α, β; γ; z) = (1− z)
−β
2F1
(
β, γ − α; γ;
z
1− z
)
, (207)
34
to write
Ia = Ia1 + Ia2 − Ia3 , (208)
with
Ia1 = K
∫ 1
0
dx
∫ 1
0
dy
∫ x
0
dz xn+1
(1− x)−1+εy−1+ε/2zε/2(1− z)−ε
[1− x+ (x− z)y]−ε/2
, (209)
Ia2 = K
∫ 1
0
dx
∫ 1
0
dy
∫ 1
x
dz xn+1
(1− x)−1+εy−1+ε/2zε/2(1− z)−ε
[1− x+ (x− z)y]−ε/2
, (210)
Ia3 = K
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz xn+1
(1− x)−1+εyε/2zε/2(1− z)−ε
[1− x(1− y)− yz]−ε/2
, (211)
where K = −2
ε
+ εζ2 +
ε2
2
ζ3 + O(ε
3). The integral Ia3 can be performed straightforwardly. For
integral Ia1 we change variables z = xz
′, while for Ia2 one substitutes z = (1 − x)z
′ + x, which
leads to
Ia1 = K
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz′ xn+2+ε/2
(1− x)−1+εy−1+ε/2z′ε/2(1− xz′)−ε
[1− x+ (1− z′)xy]−ε/2
, (212)
Ia2 = K
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz′ xn+1
(1− x)ε/2y−1+ε/2(1− z′)−ε
[(1− x)z′ + x]−ε/2[1− z′y]−ε/2
. (213)
Now integral Ia2 is easy to obtain, and integral Ia1 can be done using another analytic continu-
ation of the hypergeometric function, namely
2F1(α, β; γ; z) =
Γ(γ)Γ(β − α)
Γ(β)Γ(γ − α)
(
−
1
z
)α
2F1
(
α, α+ 1− γ;α + 1− β;
1
z
)
+
Γ(γ)Γ(α− β)
Γ(α)Γ(γ − β)
(
−
1
z
)β
2F1
(
β, β + 1− γ; β + 1− α;
1
z
)
(214)
which yields
Ia1 = K
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz
[
− xn+2+ε(1− x)−1+εy−1−εzε/2(1− z)ε/2
× (1− xz)−ε
(
1 +
1− x
(1− z)x
y
)ε/2
+
(
1
ε
+
ε
2
ζ2 +
ε2
4
ζ3
)
xn+2(1− x)−1+2ε
× zε/2(1− z)−ε/2(1− xz)−ε
]
. (215)
This integral can now be computed using known integrals and specific integrals given in the
following Section.
B.4 Polylogarithmic integrals and analytic continuations
In the following we list a series of integrals over polylogarithms derived in the present calculation
beyond those which were given in [60]. They may be of use in other higher order calculations.∫ 1
0
dy
1− x
1− (1− x)y
Li2
(
−
1 − y
x2y
)
= 2ζ2 ln(x) +
7
6
ln3(x) + 4 ln(x)Li2(−x)
+3 ln(x)Li2(x) + 2Li3(x)− 2Li3(x
2) , (216)
35
∫ 1
0
dy
x
(1− (1− x)y)2
Li2
(
−
1− y
x2y
)
= −Li2(1− x)−
1
2
ln2(x)− ζ2 , (217)∫ 1
0
dy
x
1− xy
Li2
(
−
1− x
x2y(1− y)
)
= 2S1,2(x) + 4S1,2(1− x)− 4ζ3
− ln(x) ln2(1− x) , (218)∫ 1
0
dy Li2
(
x
(1− y + xy)(x+ y − xy)
)
=
1 + x
1− x
[
Li2(x
2) + 2 ln(x) ln(1 + x)
]
−4 ln(1− x)−
2x
1− x
[ζ2 + 2 ln(x)] , (219)∫ 1
0
dy
x
1− xy
ln(1− y) ln(1− xy) = Li3(1− x) +
1
2
ln(x) ln2(1− x)
−
1
3
ln3(1− x)− ζ2 ln(1− x)− ζ3 , (220)∫ 1
0
dy
x(1 − x)
(1− xy)2
ln(1− y) ln(1− xy) = Li2(x) + ln
2(1− x) + ln(1− x) , (221)∫ 1
0
dy
x
1− xy
ln(y) ln(1− xy) = S1,2(x) , (222)∫ 1
0
dy
x
(1− xy)2
ln(y) ln(1− xy) = Li2(x) +
1
2
ln2(1− x) + ln(1− x) . (223)
In all of the results given above, it is assumed that 0 ≤ x ≤ 1.
Some double integrals that were also used are shown below, where u = (1− x)/x,∫ 1
0
dy
∫ 1
0
dz
z ln (1− zy) ln (1 + uyz)
1− zy
= 2 +
1 + u
u
[
1
2
ln2(1 + u)− ln(1 + u) + Li2(−u)
]
= 2 +
ln(x)− Li2(1− x)
1− x
(224)∫ 1
0
dy
∫ 1
0
dz
z ln (1− z) ln (1 + uyz)
1− zy
= 3 +
1 + u
u
[
1
2
ln2(1 + u)− 2 ln(1 + u) + Li2(−u)
]
= 3 +
2 ln(x)− Li2(1− x)
1− x
(225)∫ 1
0
dy
∫ 1
0
dz
yz2 ln2 (1 + uyz)
1− zy
=
1
4
−
3
2u
+
1
2
(
1−
1
u2
)
ln2(1 + u)
−
(
1
2
−
1
u
−
3
2u2
)
ln(1 + u)
=
1− 2x
2(1− x)2
ln2(x) +
1− 4x
2(1− x)2
ln(x)−
7x− 1
4(1− x)
(226)∫ 1
0
dy
∫ 1
0
dz
yz2 ln (z) ln (1 + uyz)
1− zy
= −
5
4u
+
5
2
− 2S1,2(−u) + Li3(−u)
+
[
−
1
2u2
+
1
u
− ln(1 + u)
]
Li2(−u)
+
[
ζ2 −
7
4
+
3
4u2
−
1
u
]
ln(1 + u)
= −
5x
4(1− x)
+
5
2
− ζ3 − ln(x)Li2(x)
36
−
1
2
ln2(x) ln(1− x) + Li3(x)− Li3(1− x)
+
(
x
1− x
−
3x2
4(1− x)2
+
7
4
− ζ2
)
ln(x)
+
3x2 − 2x
2(1− x)2
Li2(1− x) +
3x2 − 2x
4(1− x)2
ln2(x) (227)∫ 1
0
dy
∫ 1
0
dz
z ln(z) ln(1 + uyz)
1− zy
= 3− ln(1 + u)Li2(−u) + ln(1 + u)ζ2 +
1
u
Li2(−u)
−2
(
1 +
1
u
)
ln(1 + u) + Li3(−u)− 2S1,2(−u)
= 3 +
(
2
1− x
− ζ2
)
ln(x)−
1
2
x
1− x
ln2(x)
−
x
1 − x
Li2(1− x)− Li3(1− x)− S1,2(1− x) (228)∫ 1
0
dy
∫ 1
0
dz
z ln(y) ln(1 + uyz)
1− zy
= −1 +
(
1 +
1
u
− ζ2
)
ln(1 + u) + ln(1 + u)Li2(−u)
−Li3(−u) + 2S1,2(−u)
= −1 +
(
ζ2 −
1
1− x
)
ln(x)
+Li3(1− x) + S1,2(1− x) (229)∫ 1
0
dy
∫ 1
0
dz
z ln2(1 + uyz)
1− zy
= 2 +
(
1 +
1
u
)[
ln2(1 + u)− 2 ln(1 + u)
]
= 2 +
ln2(x)
1− x
+ 2
ln(x)
1− x
(230)∫ 1
0
dy
∫ 1
0
dz
yz3 ln (z) ln (1− xy)
1− zy
= −
1
9
+
5
4
x−
1
2
(
x−
1
2
x2
)
ζ2 +
1
2
x2ζ3
+
(
3
4
x−
23
36
−
1
9x
)
ln(1− x)−
1
4
(
1− x2
)
Li2(x)
−
1
2
x2 [Li3(x) + S1,2(x)]−
1
8
(
1− x2
)
ln2(1− x)
+
1
2
(
1− x2
)
ln(1− x)ζ2 (231)∫ 1
0
dy
∫ 1
0
dz
z3 ln (1− xy) ln (y)
1− zy
= −
5
24
x−
4
9
x2 +
1
3
x3ζ3 +
(
1
3
x2 +
1
6
x−
x3
9
)
ζ2
+
1
3
(
1− x3
)
ln(1− x) [Li2(x)− ζ2]
+
(
−
x2
9
−
x
18
+
1
6
)
ln(1− x) +
1
3
(
2− x3
)
S1,2(x)
−
1
3
(
1− 2x3
)
Li3(x) +
1
18
(
1− x3
)
ln2(1− x)
−
1
3
(
x2 +
x
2
+
x3
3
)
Li2(x) (232)∫ 1
0
dy
∫ 1
0
dz
z3 ln (1− y) ln (1− xy)
1− zy
=
x
3
+
x
2
(1 + x)ζ2 +
2
3
x3ζ3 −
1
6
(1− x) ln(1− x)
−
1
3
(
1− 2x3
)
Li3(x) +
2
3
(
1− x3
)
ln(1− x)Li2(x)
37
+(
1−
2
3
x3
)
S1,2(x) +
x
6
(1− x)Li2(x)
+
x
12
(1− x) ln2(1− x) +
1
9
(
1− x3
)
ln3(1− x) (233)∫ 1
0
dy
∫ 1
0
dz
yz3 ln (1− xy) ln (y)
1− zy
= −
2
3
−
3
4
x+
1
2
x2ζ3 −
1
2
(
1− x2
)
ln(1− x)ζ2
+
(
7
12
−
x
4
−
1
3x
)
ln(1− x) +
(
x
2
−
x2
4
)
ζ2
−
(
x
2
−
1
3x
+
x2
4
)
Li2(x) +
1
8
(
1− x2
)
ln2(1− x)
+
(
x2 −
1
2
)
Li3(x) +
(
1−
x2
2
)
S1,2(x)
+
1
2
(
1− x2
)
ln(1− x)Li2(x) (234)∫ 1
0
dy
∫ 1
0
dz
yz3 ln2 (1− xy)
1− zy
= −
2
3
+ x2ζ2 +
(
1− x2
)
Li2(x) ln(1− x)
+
2
3
(
1−
1
x
)
ln(1− x) + S1,2(x) + x
2Li3(x)
+x(x− 1)Li2(x) +
(
1
6
− x+
1
3x
+
x2
2
)
ln2(1− x)
+
1
3
(
1− x2
)
ln3(1− x) (235)∫ 1
0
dy
∫ 1
0
dz
z3 ln (z) ln (1− xy)
1− zy
=
5x
12
+
7x2
9
+
(
x3
9
−
x2
3
−
x
6
)
ζ2 +
x3
3
ζ3
+
1
3
(
1− x3
)
ln(1− x)ζ2 −
x3
3
[S1,2(x) + Li3(x)]
−
1
9
(
1− x3
)
Li2(x)−
1
18
(
1− x3
)
ln2(1− x)
+
(
−
7
12
+
5
36
x+
4
9
x2
)
ln(1− x) (236)∫ 1
0
dy
∫ 1
0
dz
z3 ln2 (1− xy)
1− zy
=
x2
3
+ x3ζ2 +
2
3
(
1− x3
)
ln(1− x)Li2(x)
−
x
3
(1− x) ln(1− x) +
2
9
(
1− x3
)
ln3(1− x)
+
(
−
x
3
−
2
3
x2 + x3
)
Li2(x) +
2
3
x3Li3(x) +
2
3
S1,2(x)
+
(
1
2
−
x
3
−
2
3
x2 +
1
2
x3
)
ln2(1− x) (237)∫ 1
0
dy
∫ 1
0
dz
z3 ln (1− zy) ln (1− xy)
1− zy
=
3x
8
+
11x2
18
+
(
−
3
4
+
5x
36
+
11x2
18
)
ln(1− x)
+
(
−
1
9
−
x
6
−
x2
3
+
11x3
18
)
Li2(x) +
11
18
x3ζ2
−
1
3
(
1− x3
)
[Li3(x)− S1,2(x)] +
x3
3
ζ3
+
(
1− x3
) [ 1
18
ln3(1− x) +
1
3
ln(1− x)Li2(x)
]
38
+(
−
1
18
−
x
12
−
x2
6
+
11x3
36
)
ln2(1− x) (238)∫ 1
0
dy
∫ 1
0
dz
yz3 ln (1− zy) ln (1− xy)
1− zy
= −
7
9
+
11x
12
+
(
11
12
x−
17
36
−
4
9x
)
ln(1− x)
+
(
11
24
x2 −
3
8
−
x
4
+
1
6x
)
ln2(1− x)
+
11
12
x2ζ2 +
1
12
(
1− x2
)
ln3(1− x)
+
(
1
3x
−
3
4
−
x
2
+
11
12
x2
)
Li2(x) +
1
2
x2ζ3
+
1
2
(
1− x2
)
[S1,2(x)− Li3(x)
+
1
2
(
1− x2
)
[ + ln(1− x)Li2(x)] (239)∫ 1
0
dy
∫ 1
0
dz
z2 ln (z) ln (1− xy)
1− zy
=
5
4
x−
x
2
(
1−
x
2
)
ζ2 +
x2
2
ζ3
−
3
4
(1− x) ln(1− x)−
1
4
(
1− x2
)
Li2(x)
+
1
2
(
1− x2
)
ln(1− x)ζ2 −
1
8
(
1− x2
)
ln2(1− x)
−
1
2
x2 [Li3(x) + S1,2(x)] (240)∫ 1
0
dy
∫ 1
0
dz
z2 ln (1− xy) ln (y)
1− zy
= −
3
4
x−
1
2
(
1− x2
)
ln(1− x)ζ2
+
1
8
(
1− x2
)
ln2(1− x) +
x
2
(
1−
x
2
)
ζ2
+
1
4
(1− x) ln(1− x)−
x
2
(
1 +
x
2
)
Li2(x)
+
(
1−
x2
2
)
S1,2(x) +
(
x2 −
1
2
)
Li3(x) +
1
2
x2ζ3
+
1
2
(
1− x2
)
ln(1− x)Li2(x) (241)∫ 1
0
dy
∫ 1
0
dz
z2 ln (1− y) ln (1− xy)
1− zy
= xζ2 + x
2ζ3 +
(
3
2
− x2
)
S1,2(x)
+
(
1− x2
)
ln(1− x)Li2(x)−
(
1
2
− x2
)
Li3(x)
+
1
6
(
1− x2
)
ln3(1− x) (242)∫ 1
0
dy
∫ 1
0
dz
z2 ln2 (1− xy)
1− zy
= x2ζ2 +
(
1− x2
)
ln(1− x)Li2(x) + S1,2(x) + x
2Li3(x)
−x(1 − x)Li2(x) +
(
1
2
x2 +
1
2
− x
)
ln2(1− x)
+
1
3
(
1− x2
)
ln3(1− x) (243)∫ 1
0
dy
∫ 1
0
dz
z2 ln (1− zy) ln (1− xy)
1− zy
=
3
4
x+
(
3
8
x2 −
1
4
x−
1
8
)
ln2(1− x)
39
−
3
4
(1− x) ln(1− x) +
1
12
(
1− x2
)
ln3(1− x)
−
(
1
4
+
1
2
x−
3
4
x2
)
Li2(x) +
3
4
x2ζ2 +
1
2
x2ζ3
+
1
2
(
1− x2
)
[S1,2(x)− Li3(x)
+
1
2
(
1− x2
)
[ + ln(1− x)Li2(x)] (244)∫ 1
0
dy
∫ 1
0
dz
z ln2(1− xy)
1− zy
= 2S1,2(x) + 2xLi3(x) + 2(1− x) ln(1− x)Li2(x)
+
2
3
(1− x) ln3(1− x) (245)∫ 1
0
dy
∫ 1
0
dz
yz2 ln2(1− xy)
1− zy
= −1 + 2(1− x) ln(1− x)Li2(x) + 2S1,2(x) + 2xLi3(x)
+
(
1−
1
x
)
ln(1− x)−
1
2
(
1−
1
x
)
ln2(1− x)
+
2
3
(1− x) ln3(1− x) (246)∫ 1
0
dy
∫ 1
0
dz
z ln(y) ln(1− xy)
1− zy
= x (ζ3 − ζ2)− (1− 2x)Li3(x)− ζ2(1− x) ln(1− x)
+(2− x)S1,2(x) + (1− x) ln(1− x)Li2(x)
+
1
2
(1− x) ln2(1− x)− xLi2(x) (247)∫ 1
0
dy
∫ 1
0
dz
z ln(1− y) ln(1− xy)
1− zy
= 2xζ3 + 2(1− x) ln(1− x)Li2(x) + (2x− 1)Li3(x)
+(3− 2x)S1,2(x) +
1
3
(1− x) ln3(1− x) (248)∫ 1
0
dy
∫ 1
0
dz
yz3 ln(1− y) ln(1− xy)
1− zy
= xζ2 −
2
3
+ x2ζ3 +
(
1− x2
)
ln(1− x)Li2(x)
+
(
x2 −
1
2
)
Li3(x) +
(
3
2
− x2
)
S1,2(x)
+
x− 1
3x
[
ln(1− x)− Li2(x)−
1
2
ln2(1− x)
]
+
1
6
(
1− x2
)
ln3(1− x) (249)∫ 1
0
dy
∫ 1
0
dz
z ln(1− z) ln(1− xy)
1− zy
= (1− x)
[
2ζ2 ln(1− x)−
1
2
ln2(1− x)− Li2(x)
−2Li3(1− x) + ln(1− x)Li2(1− x)
+
1
6
ln3(1− x)
]
+ xζ2 + 2ζ3 (250)∫ 1
0
dy
∫ 1
0
dz
z2 ln(1− z) ln(1− xy)
1− zy
=
5x
4
+ x2ζ3 +
1
2
(
1− x2
)
ln(1− x) [ζ2 + Li2(x)]
−
3
4
(1− x) ln(1− x)−
1
4
(
3− 2x− x2
)
Li2(x)
+
(
1− x2
)
S1,2(x) +
1
2
(
x+
x2
2
)
ζ2
40
+
1
8
(
2x− 3 + x2
)
ln2(1− x)
+
1
12
(
1− x2
)
ln3(1− x) (251)∫ 1
0
dy
∫ 1
0
dz
z3 ln(1− z) ln(1− xy)
1− zy
=
5x
6
+
7x2
9
+
(
−
11
12
+
17
36
x+
4
9
x2
)
ln(1− x)
+
(
−
11
18
+
x
3
+
x2
6
+
x3
9
)
Li2(x) +
2
3
x3ζ3
+
2
3
(
1− x3
)
S1,2(x) +
(
x
3
+
x2
6
+
x3
9
)
ζ2
+
(
−
11
36
+
x
6
+
x2
12
+
x3
18
)
ln2(1− x)
+
1
3
(
1− x3
){
ln(1− x) [Li2(x) + ζ2]
+
1
3
(
1− x3
)
{ +
1
6
ln3(1− x)
}
(252)∫ 1
0
dy
∫ 1
0
dz
yz2 ln(1− z) ln(1− xy)
1− zy
= 2xζ3 −
3
4
+ xζ2 +
3
4
(
1−
1
x
)
ln(1− x)
−
1
2
(1− x) ln2(1− x) +
1
6
(1− x) ln3(1− x)
−(1− x)Li2(x) + 2(1− x)S1,2(x)
+(1− x) ln(1− x) [Li2(x) + ζ2] (253)∫ 1
0
dy
∫ 1
0
dz
yz3 ln(1− z) ln(1− xy)
1− zy
=
5x
4
−
11
18
+ x2ζ3 +
1
8
(
2x− 3 + x2
)
ln2(1− x)
+
1
12
(
1− x2
)
ln3(1− x) +
(
1− x2
)
S1,2(x)
+
1
2
(
1− x2
)
ln(1− x) [ζ2 + Li2(x)]
+
(
3
4
x−
5
36
−
11
18x
)
ln(1− x) +
2x+ x2
4
ζ2
+
1
4
(
−3 + 2x+ x2
)
Li2(x) (254)∫ 1
0
dy
∫ 1
0
dz
z ln(1− yz) ln(1− xy)
1− zy
= x (ζ3 + ζ2)− (1− x) [Li3(x)− S1,2(x) + Li2(x)]
+
1
2
(x− 1) ln2(1− x) +
1
6
(1− x) ln3(1− x)
+(1− x) ln(1− x)Li2(x) (255)∫ 1
0
dy
∫ 1
0
dz
yz2 ln(1− yz) ln(1− xy)
1− zy
= xζ3 −
5
4
+
3
4
(
1−
1
x
)
ln(1− x) +
3
2
xζ2
+(1− x)
[
ln(1− x)Li2(x) +
1
6
ln3(1− x)
]
+
(
−1 +
3x
4
+
1
4x
)
ln2(1− x)
+
(
1
2x
− 2 +
3x
2
)
Li2(x)
+(1− x) [S1,2(x)− Li3(x)] (256)
41
∫ 1
0
dy
∫ 1
0
dz
z ln(y) ln(1− xy)
(1− zy)2
= x (ζ2 − ζ3) + x ln(1− x)Li2(x)
+x [S1,2(x)− 2Li3(x)] + xLi2(x)
−
1
2
(1− x) ln2(1− x)− xζ2 ln(1− x) (257)∫ 1
0
dy
∫ 1
0
dz
z2 ln(y) ln(1− xy)
(1− zy)2
=
3
2
x+ x2 ln(1− x) [Li2(x)− ζ2] + x
(x
2
+ 1
)
Li2(x)
+x2 [S1,2(x)− 2Li3(x)] +
x− 1
2
ln(1− x)− x2ζ3
−xζ2
(
1−
x
2
)
−
1
4
(
1− x2
)
ln2(1− x) (258)∫ 1
0
dy
∫ 1
0
dz
z3 ln(y) ln(1− xy)
(1− zy)2
=
5x
8
+
4x2
3
− x3ζ3 + x
3 [S1,2(x)− 2Li3(x)]
−
(
1
2
−
1
3
x2 −
1
6
x
)
ln(1− x) +
(
x3
3
−
x
2
− x2
)
ζ2
+
(
x2 +
1
3
x3 +
1
2
x
)
Li2(x) + x
3 ln(1− x)Li2(x)
−ζ2x
3 ln(1− x)−
1
6
(
1− x3
)
ln2(1− x) (259)∫ 1
0
dy
∫ 1
0
dz
yz2 ln(y) ln(1− xy)
(1− zy)2
= −2x (ζ3 − ζ2)− (1− 2x) ln(1− x) [Li2(x)− ζ2]
−2(1− x)S1,2(x) + (1− 4x)Li3(x) + 2xLi2(x)
−(1− x) ln2(1− x) (260)
The following integrals were also required. They are understood in the sense of an analytic
continuation and expanding in ε to the order needed in the present calculation.∫ 1
0
dy y−2−ε ln(1 + uy) = −
u
ε
+ u− (1 + u) ln(1 + u)
+ε [uLi2(−u) + (1 + u) ln(1 + u)− u] (261)∫ 1
0
dy y−3−ε ln(1 + uy) =
u2
2ε
−
u2
4
−
u
2
−
1
2
(1− u2) ln(1 + u)
+ε
[
u2
8
+
3
4
u−
u2
2
Li2(−u) +
1
4
(1− u2) ln(1 + u)
]
(262)∫ 1
0
dy y−4−ε ln(1 + uy) = −
u3
3ε
+
u2
3
−
u
6
+
u3
9
−
1
3
(1 + u3) ln(1 + u)
+ε
[
1
3
u3Li2(−u)−
u3
27
−
4
9
u2 +
5
36
u
+
1
9
(1 + u3) ln(1 + u)
]
(263)∫ 1
0
dy y−2−ε ln2(1 + uy) = −2uLi2(−u)− (1 + u) ln
2(1 + u) (264)∫ 1
0
dy y−3−ε ln2(1 + uy) = −
u2
ε
+
3
2
u2 − u(1 + u) ln(1 + u) + u2Li2(−u)
−
1
2
(1− u2) ln2(1 + u) (265)
42
∫ 1
0
dy y−4−ε ln2(1 + uy) =
u3
ε
−
1
3
(1 + u)(1− u+ u2) ln2(1 + u)−
1
6
(2 + 7u)u2
−
u
3
(1 + u)(1− 3u) ln(1 + u)−
2
3
u3Li2(−u) (266)∫ 1
0
dy y−3−ε ln(1 + u1y) ln(1 + u2y) = −
1
2ε
u1u2 +
3
4
u1u2 −
1
4
ln(1 + u1) ln(1 + u2)
+
u21
2
[
Li2(−u2)− Li2
(
u1
u1 − u2
)
+ Li2
(
u1(1 + u2)
u1 − u2
)
+ ln(1 + u2) ln
(
u2(1 + u1)
u2 − u1
)]
−
u2
2
(1 + u1) ln(1 + u1) + {u1 ↔ u2} (267)∫ 1
0
dy y−4−ε ln(1 + u1y) ln(1 + u2y) =
1
2ε
u21u2 −
1
6
u2u
2
1 −
1
6
ln(1 + u1) ln(1 + u2)
−
u21
3
[u2 − (1 + u2) ln(1 + u2)]−
u31
3
Li2(−u2)
−
u1
6
[
u2 + (1− u
2
2) ln(1 + u2) +
u22
2
]
+
u31
3
Li2
(
u1
u1 − u2
)
−
u31
3
Li2
(
u1(1 + u2)
u1 − u2
)
−
u31
3
ln(1 + u2) ln
(
u2(1 + u1)
u2 − u1
)
+ {u1 ↔ u2}
(268)∫ 1
0
dy y(1− y) Li2
(
−
x
(1 − x)2y(1− y)
)
= −
4
9
x
(1− x)2
+
5
9
ln(1− x)−
1
3
ln2(1− x)
+
1
3
ln(x) ln(1− x) +
1
9
x(5x2 − 12x+ 3)
(1− x)3
ln(x) .
(269)
B.5 Results for the Feynman integrals
We will now present the results for all of the integrals appearing in equations (106) to (113).
We give the results up to O(ε0) in x-space. Logarithms, polylogarithms and Nielsen functions
appear repeatedly in the expressions, so in order to save space, we use the following shorthand
notation:
L1 = ln(x), L2 = ln(1− x), L3 = ln(1 + x), P1 = ln(x),
P2 = Li2(1− x), P3 = Li2(−x), R1 = Li3(x), R2 = Li3(1− x),
R3 = Li3(−x), R4 = S1,2(x), R5 = S1,2(1− x), R6 = S1,2(−x) .
Let us define for X = A,B,C,E
Xa,bν1ν2ν3ν4ν5 =
∫ 1
0
dx xn(m2)4−ν12345+ε (∆ · p)a+b X˜a,bν1ν2ν3ν4ν5 (270)
and F a,bν1ν2ν3ν4ν5 =
∫ 1
0
dx (xn − 1) (m2)4−ν12345+ε (∆ · p)a+b F˜ a,bν1ν2ν3ν4ν5 . (271)
43
The A-type integrals are
A˜0,n01111 =
2
ε2
L1 −
1
ε
[
4P1 − 4ζ2 −
1
2
L21
]
+
1
2
ζ2L1 − 6ζ3 −
1
12
L31 − 2R1 + 8R4 (272)
A˜1,n01111 =
2
ε2
[1− x+ (1 + x)L1]−
1
ε
[
(1 + x)
(
4P1 − L1 −
1
2
L21 − 4ζ2
)
+(1− x) (2− 4L2)
]
+
1
4
(3x− 1)L21 + (1 + x)
[
1
2
ζ2L1 − 6ζ3 − 2P1
+2ζ2 − L1 − 2R1 + 8R4 −
1
12
L31
]
+ (1− x)
[
4L22 − 4L2 −
3
2
ζ2 + 2
]
(273)
A˜0,n02111 = P2 +
1
2
L21 + ζ2 (274)
A˜0,n10111 = −
4
ε2
(1− x)−
8
ε
(1− x) [L2 − 1] + (1− x)
(
3ζ2 + 16L2 − 8L
2
2 − 16
)
+(−1)n
[
−
4
ε2
(1− x) +
8
ε
(1− x+ xL1) + 8(1 + x) (P3 + L1L3)
+(3 + 5x)ζ2 + 4xL
2
1 − 16xL1 − 16(1− x)
]
(275)
A˜0,n11011 = (−1)
n
[
2
ε2
L1 +
5
2ε
L21 + 4R1 + 8R3 + 2ζ3 − 4L1P3 − 2L1P1
+
7
12
L31 +
1
2
ζ2L1
]
(276)
A˜1,n11011 = (−1)
n
{
−
2
ε2
[xL1 + 1− x]−
1
ε
[
2x− 2 +
5
2
xL21 + (1− 3x)L1
]
+
1
4
(1 + 9x)L21 + 4xL1P3 −
1
2
(1− x)ζ2 + 2xL1P1 −
1
2
xζ2L1
−
7
12
xL31 − 2ζ3x− 4xR1 − 8xR3 + (1− 3x)L1 + 2x− 2
}
(277)
A˜0,n12011 = (−1)
n
[
3
2
L21 − P1 − 2P3 + 2
L1
1 + x
− L1L2 − 2L1L3
]
(278)
A˜0,n11101 = A˜
0,n
11011 (279)
A˜1,n11101 = (−1)
n
{
2
ε2
[1− x+ L1]−
1
ε
[
2− 2x−
5
2
L21 + (3x− 1)L1
]
+
1
2
ζ2L1
−
1
4
(1 + 9x)L21 +
1
2
(1− x)ζ2 + 2ζ3 +
7
12
L31 − 4L1P3 − 2L1P1
+4R1 + 8R3 + (3x− 1)L1 + 2− 2x
}
(280)
A˜0,n12101 = A˜
0,n
12011 (281)
A˜0,n11110 =
2
ε2
L1 −
1
ε
[
4P1 − 4ζ2 −
1
2
L21
]
− 6ζ3 +
1
2
ζ2L1 −
1
12
L31 − 2R1 + 8R4 (282)
A˜1,n11110 = −
2
ε2
(1− x)−
1
ε
[(1 + x)L1 + 4(1− x)L2 − 2 + 2x] +
1
4
(1− 3x)L21
−(1 − x)
(
4L22 − 4L2 + 2
)
+ (1 + x) (L1 + 2P1)−
1
2
(1 + 7x)ζ2 (283)
44
A˜0,n12110 = P2 +
1
2
L21 + ζ2 (284)
A˜0,n22110 = −
(
1
2ε2
−
1
2ε
−
1
2
+
5
8
ζ2
)
δ(1− x)−
(
1
ε
− 1
)
D0(x)
−2D1(x) +
L1
1− x
(285)
A˜0,n21110 = −
2
ε2
−
2
ε
[2L2 − L1] + 2P2 − 4L
2
2 + 4L1L2 −
1
2
ζ2 (286)
A˜1,n21110 = −
2
ε2
−
4
ε
L2 +
(
1
2
− x
)
ζ2 − 4L
2
2 − (1 + x)P2 −
1
2
xL21 (287)
A˜n,001111 =
2
ε2
L2 −
1
ε
[
4P2 − 4ζ2 −
1
2
L22
]
+
5
2
ζ2L2 − 2ζ3 − L2P2 +
1
12
L32
−2R2 + 4R5 (288)
A˜n,101111 = −
2
ε2
[x+ (1− x)L2]−
1
ε
[
(2− x)L2 + (1− x)
(
1
2
L22 + 4ζ2 − 4P2
)
+4xL1 − 2x
]
− 4L1L2 −
1
4
(2− x)L22 − 2xL
2
1 +
x
2
ζ2 + (3x− 2)L2
−2x− (1− x)
[
L2P1 +
3
2
ζ2L2 − 2ζ3 + L1L
2
2 +
1
12
L32 + 4R5 − 2R2
]
+(x− 4)P1 (289)
A˜n,010111 = −
4
ε2
−
4
ε
[L2 − 1]− 4− 2L
2
2 + 4L2 − ζ2 (290)
A˜n,020111 = −
(
2
ε2
−
2
ε
+ 2 +
1
2
ζ2
)
δ(1− x)−
2
ε
D0(x) + 2D0(x)− 2D1(x) (291)
A˜n,011011 =
2
ε2
L1 +
5
2ε
L21 + 4R1 + 8R3 + 2ζ3 − 4L1P3 − 2L1P1 +
7
12
L31 +
1
2
ζ2L1 (292)
A˜n,111011 =
2
ε2
[xL1 + 1− x]−
1
ε
[
(3x− 1)L1 −
5
2
xL21 + 2− 2x
]
+
1
2
(1− x)ζ2
+
x
2
ζ2L1 − 2xL1P1 + 2ζ3x+ 8xR3 + (3x− 1)L1 + 4xR1 +
7
12
xL31
−
1
4
(1 + 9x)L21 − 4xL1P3 + 2− 2x (293)
A˜n,021011 = P2 − 2P3 − ζ2 +
3
2
L21 + 2
L1
1 + x
− 2L1L3 (294)
A˜n,011101 = −
2
ε2
−
1
ε
[4L2 − L1 − 2]−
1
2
ζ2 −
1
4
L21 −
1 + 3x
1− x
L1 − 2L
2
2 − 2 (295)
A˜n,111101 =
1− x
ε2
−
1 + x
ε
[
1
2
L1 − 2L2 + 1
]
+ (1− x)
[
L22 +
1
8
L21 +
1
4
ζ2 + 1
]
+
1
2
(1 + 3x)L1 (296)
A˜n,021101 = −
(
2
ε2
+
ζ2
2
)
δ(1− x)−
2
ε
D0(x)− 2D1(x) + 1 +
1 + x
1− x
(
1 +
L1
1− x
)
(297)
A˜n,011110 = −
2
ε2
−
1
ε
(3L2 − 2)−
7
4
L22 +
1
2
ζ2 + P1 + 3L2 − 2 (298)
45
A˜n,111110 = −
x
ε2
−
x
ε
(
3
2
L2 − 1
)
+
x
4
ζ2 −
7
8
xL22 +
1
2
(3x+ 1)L2 +
x
2
P1 − x (299)
A˜n,021110 = −
(
2
ε2
−
2
ε
+ 2 +
1
2
ζ2
)
δ(1− x)−
2
ε
D0(x) + 2D0(x)− 2D1(x)
−P1 −
1
2
L22 − ζ2 (300)
A˜n,031110 =
(
1
2ε2
−
1
ε
−
1
2
+ 1−
3
8
ζ2
)
δ(1− x)−D0(x)−D1(x)
−(1− x)−2+ε
[
3
2
−
1
ε
−
(
3
2
+
1
4
ζ2
)
ε
]
+ ζ2 +
1
2
L22 + P1 (301)
A˜n,121110 = −
(
1
ε2
−
3
2ε
+
7
4
+
1
4
ζ2
)
δ(1− x)−
1
ε
(D0(x)− 1) +
3
2
D0(x)
−D1(x)−
3
2
− xζ2 −
x
2
L22 +
1
2
L2 − xP1 (302)
A˜0,n12111 = −
1
3ε
δ(1− x)−
2
3
D0(x)−
2
3
P2 −
1
3
L21 −
2
3
ζ2 −
2
3(1− x)
L1
+
1
3
(1− x)−3+2εL21 +
2
3
(1− x)−2+2εL1 −
(
1
2
− ζ2
)
δ(1− x)
−(−1)n
[
4
3
P3 −
2
3
(
1−
2
(1 + x)3
)
P2 +
2
3
ζ2 −
(
1−
1
(1 + x)3
)
L21
+
4
3
L1L3 +
4
3(1 + x)2
+
2
3(1 + x)
(
2
(1 + x)2
−
1
1 + x
− 1
)
L1
−
2
3(1 + x)
]
(303)
A˜n,021111 =
(
−
1
2ε2
+
3
8
ζ2 +
1
2
)
δ(1− x) +D1(x) +
(
1
(1− x)2
−
3
2
)
ζ2 −
1
4
L22
+
(
2
(1− x)2
− 1
)
(L1L3 + P3) +
(
1−
1
2(1− x)2
)
P2 −
L2
2(1− x)
+
1
(1− x)2
[
3
4
x(x− 2)L21 +
x(x− 3)
2(1 + x)
L1 +
x
2
(x− 2)L1L2
]
(304)
The integrals A0,n11111, A
n,0
11111 and A
n,1
11111 are finite and appear multiplied by a factor of D− 4 = ε
in the expressions of diagrams 5a and 5c. Therefore they only contribute to those diagrams
starting at O(ε). For this reason we have chosen not to present them here, although they are
needed in Eq. (124).
The B-type integrals are given by
B˜0,n+112011 = (−1)
n
{
−
1− x
ε2
−
1
ε
[
1
2
(5− x)L1 + 2− 2x
]
+ 2x− 2−
1
4
(5− x)ζ2
+P2 −
1
8
(7 + x)L21 + 2
x2 − 1− x
1 + x
L1 − 2L1L3 − 2P3
}
(305)
B˜0,n+112101 = B˜
0,n+1
12011 (306)
46
B˜n+1,021011 =
x− 1
ε2
−
1
2ε
[(5− x)L1 + 5(1− x)] +
x− 5
4
ζ2 −
7 + x
8
L21
−
1
4
(7 + 11x)
1− x
1 + x
L1 + P2 − 2P3 − 2L1L3 −
3
2
(1− x) (307)
B˜n+1,021101 = −
x
2ε2
−
1
4ε
(4xL2 − xL1 + 1− 3x)−
x
16
L21 −
x
8
ζ2
+
1− 9x2
8(1− x)
L1 −
x
2
L22 +
1
4
(1− 3x) (308)
B˜0,n+112110 = −
1 − x
ε2
−
1
ε
[
1
2
(3x+ 1)L1 + 2(1− x)L2
]
−
1
4
(1− x)ζ2
+
1
8
(1− x)L21 − 3xL1L2 − 2xP2 − 2(1− x)L
2
2 + P1 (309)
B˜n+1,021110 = −
(
1
ε2
−
3
2ε
+
7
4
+
1
4
ζ2
)
δ(1− x)−
x
2ε2
−
1
ε
(
D0(x) +
3
4
xL2 −
x
2
− 1
)
+
3
2
D0(x)−D1(x)−
3
2
−
7
8
xζ2 −
15
16
xL22 +
3
4
(1 + x)L2 −
3
4
xP1 −
x
2
(310)
The E-type integrals are
E˜0,001111 =
4
ε2
[L2 − L1]−
1
ε
[
3L21 − 3L
2
2 − 2P1 + 2P2
]
+ ζ2L1 + ζ2L2 −
1
2
L31
+5R2 − 2L2L
2
1 − 2L1P2 −
5
2
L1L
2
2 +
11
6
L32 − 3R5 − 7L2P2 + 3ζ3 (311)
E˜1,001111 =
2
ε2
[2xL2 − (1 + 2x)L1]−
1
ε
[
− 4(1 + x)P1 +
(
1
2
+ 3x
)
L21 − 3xL
2
2
−2xL1L2 + (4 + 2x)ζ2
]
+ (3x+ 4)L1L
2
2 −
3
2
xL21L2 + (3x− 2)ζ3
−3xR4 − xL1P1 −
(
x+
1
2
)
ζ2L1 + 2(x+ 4)R2 + (2 + 3x)R1
+4(x+ 2)L2P1 +
1
12
(1− 6x)L31 +
11
6
xL32 − (8 + 3x)ζ2L2 (312)
E˜0,101111 = −
2
ε2
[(1− 2x)L2 + 2xL1]−
1
ε
[
4(1− x)P1 + (4− 2x)L1L2 + 3xL
2
1
+
(
1
2
− 3x
)
L22 + 2xζ2
]
−
(
3
2
x+ 2
)
L21L2 − (x+ 4)L1P1 − xζ2L1
+
(
9
2
x− 1
)
L1L
2
2 + (7x− 1)L2P1 −
(
3
2
+ 6x
)
ζ2L2 −
x
2
L31 − 2ζ3
−
1− 22x
12
L32 + (3x+ 4)R1 + (5x+ 2)R2 (313)
E˜1,101111 =
2x
ε2
[(2x− 1)L2 − (2x+ 1)L1]−
1
ε
[
2x(x+ 2)ζ2 +
x
2
(6x+ 1)L21
+2x(2− x)L1L2 − 4x
2P1 −
x
2
(6x− 1)L22
]
+
x
2
(3 + 2x)ζ2L1
+x(2 + 3x)ζ3 −
x
2
(5− 2x)ζ2L2 −
x
12
(1− 22x)L32 − x(1 + 2x)L
2
1L2
47
−
x
2
(8 + 5x)L1L
2
2 − x(1 + x) [2L1 + 7L2]P2 +
x
12
(1− 6x)L31
+5x(2 + x)R2 − 3x(2 + x)R5 (314)
E˜0,201111 =
2
ε2
[
x− 2x2L1 + (2x
2 − 2x+ 1)L2
]
−
1
ε
[
2x+ 4xL1L2 + 3x
2L21
−
(
3x2 − x+
1
2
)
L22 + 2x(2 − x)P1 + (x− 2)L2 + (2x
2 − 4x+ 4)P2
−4xL1 − 4ζ2(1− x)
]
−
x
2
ζ2 −
(
2x2 + 3x−
3
2
)
ζ2L2 − 3x
2ζ2L1 + 2x
+
x2
2
L21L2 +
(
1− 2x+
1
2
x2
)
L1L
2
2 + (3x
2 − 2x+ 1)P1L2 + x
2P1L1
+4L1L2 − 4x
2L2P2 + 2x
2P2L1 + 2xL
2
1 +
2− x
4
L22 −
x2
2
L31
+
1
12
(22x2 − 2x+ 1)L32 + (4− 8x)R5 + 3x
2R1 + (5x
2 + 4x− 2)R2
+(4− x)P1 + (2− 3x)L2 + (4x− 2)ζ3 (315)
E˜2,001111 =
2
ε2
[
2x2L2 − (1 + 2x+ 2x
2)L1 + x− 1
]
−
1
ε
[
2x− 2− 2x2L1L2
−3x2L22 − 4(1 + x)
2P1 +
(
1
2
+ x+ 3x2
)
L21 + 4(1− x)L2 + (1 + x)L1
+(4 + 8x+ 2x2)ζ2
]
−
1 + 7x
2
ζ2 − x
2ζ2L2 −
(
1
2
+ x+ x2
)
ζ2L1
+2x− 2−
3
2
x2L21L2 + 2x
2L1L
2
2 + 2x
2L2P1 − x
2L1P1 +
1− 3x
4
L21
−4(1 − x)L22 +
(
1
12
+
x
6
−
x2
2
)
L31 +
11
6
x2L32 − (8 + 16x+ 5x
2)R4
+(3x2 + 4x+ 2)R1 + (1 + x)(L1 + 2P1) + 4(1− x)L2
+(5x2 + 12x+ 6)ζ3 (316)
E˜0,010111 =
4
ε2
L2 −
1
ε
(
4ζ2 − 6L
2
2
)
+ 8ζ3 +
14
3
L32 − 7ζ2L2
+(−1)n
[
−
4
ε2
L1 −
2
ε
(
4P3 + 4L1L3 + L
2
1 + 2ζ2
)
−
2
3
L31 − 16R6
−16L3P3 − 8L1L
2
3 − 8ζ2L3 + 8ζ3 + 8R3 − 4L
2
1L3 − 8L1P3 − ζ2L1
]
(317)
E˜1,010111 =
4
ε2
(xL2 + 1− x)−
1
ε
[
x
(
4ζ2 − 6L
2
2
)
+ 8(1− x) (1− L2)
]
+ 8ζ3x
+(1− x)
(
8L22 − 3ζ2 − 16L2 + 16
)
+
14
3
xL32 − 7xζ2L2
+(−1)n
[
4
ε2
(xL1 + 1− x)−
2
ε
(
4xL1 − 4xL1L3 − 4xP3 − 2xζ2
−xL21 − 4x+ 4
)
− (3 + 5x)ζ2 + ζ2xL1 + 8xζ2L3 + 16xL1
−8(1 + x)L1L3 + 8xL1L
2
3 + 4xL3L
2
1 + 16xL3P3 + 8xL1P3 − 4xL
2
1
+
2
3
xL31 − 8(1 + x)P3 − 8xR3 + 16xR6 − 8ζ3x+ 16− 16x
]
(318)
48
E˜0,110111 =
4
ε2
(xL2 + 1)−
2
ε
(
2xζ2 − 2L2 − 3xL
2
2 + 2
)
+ ζ2 − 7xζ2L2 + 8ζ3x+ 4
+
14
3
xL32 + 2L
2
2 − 4L2 + (−1)
nx
[
4
ε2
L1 +
2
ε
(
2ζ2 + L
2
1 + 4L1L3 + 4P3
)
+ζ2 (L1 + 8L3)− 8ζ3 +
2
3
L31 + 4L
2
1L3 + 8L1
(
P3 + L
2
3
)
+ 16L3P3
−8R3 + 16R6
]
(319)
E˜1,011011 = −
2
ε2
(1− x)−
2
ε
[(2− x)L1 + 1− x]− 2 + 2x+ (2x− 4)L1 −
x+ 4
2
L21
+(1− x)
(
P2 − 2P3 −
3
2
ζ2 − 2L1L3
)
+ (−1)n
[
−
2
ε2
(L1 + 1− x)
−
1
ε
(
5
2
L21 + (4− 2x)L1 − 2x+ 2
)
−
1
2
ζ2L1 − 2ζ3 −
7
12
L31 −
x+ 4
2
L21
+(2x− 4)L1 + 2L1P1 − (1− x)
(
2L1L3 + L2L1 + 2P3 + P1 +
1
2
ζ2
)
+4L1P3 − 8R3 − 4R1 + 2x− 2
]
(320)
E˜0,111011 = (−1)
nE˜1,011011 (321)
E˜1,111011 = (1− (−1)
n) x
[
−
2
ε2
(L1 + 1− x)−
1
ε
(
5
2
L21 + (4− 2x)L1 − 2x+ 2
)
−
1
2
ζ2L1 − 2ζ3 −
7
12
L31 + (2x− 4)L1 + 2L1P1 + 4L1P3 − 8R3 − 4R1
−
x+ 4
2
L21 − (1− x)
(
1
2
ζ2 + 2L1L3 + L1L2 + 2P3 + P1 + 2
)]
(322)
E˜2,011011 = x
[
−
2
ε2
(1− x)−
2
ε
[(2− x)L1 + 1− x] + 2(x− 2)L1 −
x+ 4
2
L21
+(1− x)
(
P2 − 2P3 −
3
2
ζ2 − 2L1L3 − 2
)]
+(−1)n
[
2
ε2
(
2xL1 + 1− x
2
)
+
1
ε
(
5xL21 + (1 + 2x)(1− x)L1
−2(1− x)2
)
− 5xζ2L1 + 2(1− x
2) + 2xR5 + 10xR1 + 16xR3
+(1− x)
(
1
2
(1 + 3x)ζ2 − xP2 + 2xP3 + 2xL1L3 −
1
4
(1 + 2x)L21
)
+2ζ3x− (1 + 2x
2 − 7x)L1 + xL1 (6P2 − 8P3) + 5xL
2
1L2 +
7
6
xL31
]
(323)
E˜0,211011 = −(−1)
nE˜2,011011 (324)
E˜0,011101 =
1
1− x
[
2
ε2
L1 −
1
ε
(
1
2
L21 − 4L1L2 − 2P2
)
+
1
2
ζ2L1 +
1
12
L31 + 2L1L
2
2
+2R2 − R5
]
+
(−1)n
1 + x
[
−
4
ε2
L1 −
1
ε
(
2ζ2 + 4P3 + 3L
2
1 + 4L1L3
)
−2ζ2L3 − ζ2L1 + 3ζ3 − 4L3P3 − 2L1P3 −
1
2
L31 − 3L
2
1L3 + 2L1P1
49
−2L1L
2
3 − 2R3 − 4R1 − 4R6
]
(325)
E˜1,011101 =
x
1− x
[
2
ε2
L1 −
1
ε
(
1
2
L21 − 4L1L2 − 2P2
)
+
1
2
ζ2L1 +
1
12
L31 + 2L1L
2
2
+2R2 −R5
]
+
(−1)n
1 + x
[
−
2− 2x
ε2
L1 +
1
ε
(
2ζ2x+
1
2
(x− 5)L21
+4xL1L3 + 4xP3
)
−
1− x
2
ζ2L1 + 2xζ2L3 − (5x+ 2)ζ3 + 2L1P1
−
7 + x
12
L31 + 3xL
2
1L3 + 2(3x+ 2)L1P3 + 2xL1L
2
3 + 4xL3P3 − 4R1
+4xR6 − 2(3x+ 4)R3
]
(326)
E˜0,111101 =
2
ε2
(
1 +
x
1− x
L1
)
−
1
ε
[
x
1− x
(
1
2
L21 − 2P2 − 4L1L2
)
+ 2− 4L2 + L1
]
+
ζ2
2
+
L21
4
+ 2L22 + 2 +
x
1− x
(
1
2
ζ2L1 + 2L1L
2
2 +
1
12
L31 − R5 + 2R2
)
+
1 + 3x
1− x
L1 + (−1)
n x
1 + x
[
4
ε2
L1 +
1
ε
(
2ζ2 + 3L
2
1 + 4P3 + 4L1L3
)
+ζ2L1 + 2ζ2L3 +
1
2
L31 + 3L
2
1L3 + 2L1P3 + 2L1L
2
3 − 2L1P1 + 4L3P3
+2R3 + 4R1 + 4R6 − 3ζ3
]
(327)
E˜1,111101 =
2
ε2
(
x+
x2
1− x
L1
)
−
x
ε
[
L1 − 4L2 + 2 +
x
2(1− x)
(
L21 − 8L1L2 − 4P2
)]
+
x2
1− x
[
1
2
ζ2L1 +
1
12
L31 + 2L1L
2
2 + 2R2 −R5
]
+
x
2
ζ2 +
x
4
L21 + 2xL
2
2
+x
1 + 3x
1− x
L1 + 2x+
(−1)n
1 + x
[
2
ε2
x(1 − x)L1 −
1
ε
(
2x2ζ2 + 4x
2P3
+4x2L1L3 −
5− x
2
xL21
)
+
x
2
(1− x)ζ2L1 + (2 + 5x)xζ3 +
x
12
(7 + x)L31
−x2
(
2ζ2L3 + 3L
2
1L3 + 2L1L
2
3 + 4L3P3 + 4R6
)
− 2xL1P1 + 4xR1
+2x(4 + 3x)R3 − 2x(2 + 3x)L1P3
]
(328)
E˜2,011101 =
x2
1− x
[
2
ε2
L1 −
1
ε
(
1
2
L21 − 4L1L2 − 2P2
)
+
1
2
ζ2L1 +
1
12
L31 + 2L1L
2
2
+2R2 −R5
]
+ (−1)n
[
−
2
ε2
(
1− x+
1 + x2
1 + x
L1
)
−
1
ε
(
5 + x2
2(1 + x)
L21
+(1− 3x)L1 +
x2
1 + x
(2ζ2 + 4P3 + 4L1L3)− 2(1− x)
)
−
1
2
(1− x)ζ2
+(1− 3x)L1 +
1 + 9x
4
L21 − 2
4− 3x2
1 + x
R3 −
7− x2
12(1 + x)
L31 −
2− 5x2
1 + x
ζ3
50
−
x2
1 + x
(
4R6 + 2ζ2L3 + 2L1L
2
3 + 4L3P3 + 3L
2
1L3
)
+ 2
2− 3x2
1 + x
L1P3
−
1 + x2
2(1 + x)
ζ2L1 +
2
1 + x
(L1P1 − 2R1)− 2 + 2x
]
(329)
E˜1,011110 =
2
ε2
(L2 − L1)−
1
ε
(
4ζ2 −
7
2
L22 − 2P1 + 2L1L2 +
1
2
L21
)
−
9
2
ζ2L2 + 7ζ3
−
1
2
ζ2L1 − 2L1L
2
2 − P1L2 +
35
12
L32 − R5 + 2R1 +
1
12
L31 − 6R4 (330)
E˜0,111110 =
2
ε2
(1 + L2)−
1
ε
(
2 + 2ζ2 − 3L2 −
7
2
L22 − 2P2
)
−
1
2
ζ2 −
13
2
ζ2L2 + 3ζ3
+
35
12
L32 + 4L2P2 − 2R2 + L1L
2
2 + P1L2 −R5 − P1 − 3L2 +
7
4
L22 + 2 (331)
E˜1,111110 =
2x
ε2
(L2 − L1 + 1) +
x
ε
(
2P2 +
7
2
L22 + 3L2 + 4P1 − 6ζ2 −
1
2
L21 − 2
)
−x
[
1
2
ζ2L1 +
13
2
ζ2L2 +
1
2
ζ2 − 9ζ3 −
1
12
L31 − L1L
2
2 − 4L2P2 −
35
12
L32
−
7
4
L22 − L2P1 + 3L2 + P1 + 2R2 − 2R1 + 8R4 +R5 − 2
]
(332)
E˜2,011110 =
2
ε2
(xL2 − xL1 + 1− x)−
1
ε
[
2− 2x− 4xP1 + 6xζ2 − 4(1− x)L2
−2xP2 − (1 + x)L1 +
x
2
L21 −
7
2
xL22
]
+ (1− x)
(
4L22 − 4L2 −
3
2
ζ2 + 2
)
+(1 + x) (2P2 − L1 + 2L1L2)− 8xR4 + 2xR1 − xR5 − 2xR2 + 9ζ3x
−
1 − 3x
4
L21 +
35
12
xL32 +
x
12
L31 −
x
2
ζ2L1 + 3xL2P2 −
11
2
xζ2L2 (333)
E˜1,121110 =
2
ε2
(D0(x) + δ(1− x)− 1)−
2
ε
[
3L2 +
x
1− x
L1 − 3D1(x)−D0(x)
+1 + (1 + ζ2) δ(1− x)
]
+
x2
1− x
P2 +
(
7
2
+ 3x
)
ζ2 + (x− 7)L
2
2
+xP1 − 2L2 − x
4− x
1− x
L1L2 + 2 +
(
2−
3
2
ζ2 + 2ζ3
)
δ(1− x)
−
(
2 +
7
2
ζ2
)
D0(x) + 2D1(x) + 7D2(x) (334)
E˜1,011111 =
1
1− x
[
2xP3 − 2P2 + 2xL1L3 +
x2
1− x
L21 − (2− 3x)ζ2
]
+2(ζ2 + ζ3)δ(1− x) +
(−1)n
1 + x
[
− 2(x+ 2)P3 − 2
1− x
1 + x
P2
−2(x+ 2)L1L3 − (x+ 2)ζ2 + x
4 + x
1 + x
L21
]
(335)
E˜0,111111 =
1
1− x
[
2(1 + 2x) (L1L3 + P3)− (1− 3x)L1L2 − (1− 4x)P1
]
−
1
2
L22
−
x(5 − 7x)
2(1− x)2
L21 + 2(ζ2 + ζ3)δ(1− x) +
(−1)n
1 + x
[
x(1− 2x)
1 + x
L21 + ζ2x
+2xL1L3 +
2x(1− x)
1 + x
P2 + 2xP3
]
(336)
51
E˜1,111111 =
1
1− x
[
x(1 + x)L1L2 + x(1 + 2x) (2P3 + 2L1L3 + P1)
]
−
x
2
L22
+
x2(5x− 3)
2(1− x)2
L21 − 4ζ2x+ 2(ζ2 + ζ3)δ(1− x) +
(−1)n
1 + x
[
2x(1− x)
1 + x
P2
−
x2(4 + x)
1 + x
L21 + x(2 + x) (2P3 + 2L1L3 + ζ2)
]
(337)
E˜2,011111 =
1
1− x
[
(x2 − 2x− 1)P2 + 2x
2L1L3 + (4x
2 − 2x− 1)ζ2 +
x(1 + x2)
2(1− x)
L21
+2x2P3
]
+ 2(ζ2 + ζ3)δ(1− x) +
(−1)n
1 + x
[
x(3− 8x− 5x2)
2(1 + x)
L21
+(2x2 + 2x− 1) (2P3 + ζ2 + 2L1L3) + (x
2 + 2x− 1)
1− x
1 + x
P2
]
(338)
The F -type integrals are given by
F˜ 0,001111 =
1
(1− x)
[
−
2
ε2
L2 −
1
ε
(
1
2
L22 − 4P2 + 4ζ2
)
−
5
2
ζ2L2 + 2ζ3
−
1
12
L32 + L2P2 + 2R2 − 4R5
]
(339)
F˜ 1,001111 = xF˜
0,0
01111 (340)
F˜ 0,101111 =
2
ε2
(
L2 +
x
1− x
)
−
1
ε
(
4P2 −
1
1− x
(4xL1 + (2− x)L2 − 2x)− 4ζ2
−
1
2
L22
)
+
5
2
ζ2L2 − 2ζ3 +
1
12
L32 + 4R5 − 2R2 − L2P2 −
4− x
1− x
P2
+
1
1− x
(
8− 3x
2
ζ2 +
2− x
4
L22 + (2− 3x)L2 + x
(
L1L2 + 2L
2
1 + 2
))
(341)
F˜ 1,101111 = xF˜
0,1
01111 (342)
F˜ 2,001111 = x
2F˜ 0,001111 (343)
F˜ 0,201111 = −
1
ε2
[
2(1− x)L2 +
x(2− 3x)
1− x
]
−
1
ε
[
(1− x)
(
1
2
L22 + 4ζ2 − 4P2
)
+
3x2 − 10x+ 6
2(1− x)
L2 +
2x(2− 3x)
1− x
L1 +
x(3x− 1)
1− x
]
−
2x
1− x
L1
−
3x2 − 10x+ 6
8(1− x)
L22 −
9x2 − 12x+ 5
2(1− x)
L2 −
9x2 − 38x+ 24
4(1− x)
ζ2
−
x(2− 3x)
1− x
(
L21 +
1
2
L1L2
)
+
3(x2 − 6x+ 4)
2(1− x)
P2 −
x(1− 6x)
2(1− x)
+(1− x)
[
2ζ3 −
5
2
ζ2L2 −
1
12
L32 + L2P2 + 2R2 − 4R5
]
(344)
F˜ 0,010111 =
1
1− x
(
4
ε2
−
4
ε
(1− L2) + 2L
2
2 − 4L2 + ζ2 + 4
)
(345)
F˜ 1,010111 = xF˜
0,0
10111 (346)
F˜ 0,110111 =
1
1− x
[
−
2− 4x
ε2
−
1
ε
((2− 4x)L2 + 4x− 1)−
1− 2x
2
ζ2
52
−(1− 2x)L22 + (1− 4x)L2 + 4x−
1
2
]
(347)
F˜ 1,011011 =
x
1− x
[
−
2
ε2
L1 −
5
2ε
L21 −
1
2
ζ2L1 − 2ζ3 + 2L1P1 −
7
12
L31
+4L1P3 − 8R3 − 4R1
]
(348)
F˜ 0,111011 = −
2
ε2
[
1 +
x
1− x
L1
]
−
1
ε
[
5x
2(1− x)
L21 +
1− 3x
1− x
L1 − 2
]
+
x
1− x
[
2L1P1 + 4L1P3 − 4R1 − 8R3 −
1
2
ζ2L1 − 2ζ3 −
7
12
L31
]
−
1
2
ζ2 +
1 + 9x
4(1− x)
L21 +
1− 3x
1− x
L1 − 2 (349)
F˜ 1,111011 = xF˜
0,1
11011 (350)
F˜ 2,011011 = xF˜
1,0
11011 (351)
F˜ 0,211011 =
1
ε2
(
1− 3x−
2x2
1− x
L1
)
−
1
ε
(
5x2
2(1− x)
L21 −
9x2 − 4x+ 1
2(1− x)
L1 − 3x
)
+
27x2 + 4x− 1
8(1− x)
L21 −
9x2 − 3x+ 1
2(1− x)
L1 +
x2
1− x
(
4L1P1 + 4L1P3
+L21L2 − 6R1 − 8R3 − 2R5 −
1
2
ζ2L1 −
7
12
L31
)
+
1− 3x
4
ζ2 −
1
2
− 3x (352)
F˜ 0,011101 =
1
1− x
[
2
ε2
−
1
ε
(L1 − 4L2 + 2) +
1
2
ζ2 + 2L
2
2 +
1
4
L21 +
1 + 3x
1− x
L1 + 2
]
(353)
F˜ 1,011101 = xF˜
0,0
11101 (354)
F˜ 0,111101 = −
1
2
(1− x)F˜ 0,011101 (355)
F˜ 1,111101 = xF˜
0,1
11101 (356)
F˜ 2,011101 = x
2F˜ 0,011101 (357)
F˜ 1,011110 =
x
1− x
(
2
ε2
−
1
ε
(2− 3L2)−
1
2
ζ2 +
7
4
L22 − 3L2 − P1 + 2
)
(358)
F˜ 1,111110 =
x
2
F˜ 1,011110 −
x
2(1− x)
L2 (359)
F˜ 2,011110 = xF˜
1,0
11110 (360)
F˜ 0,111110 =
1
2
F˜ 1,011110 −
1
2(1− x)
L2 (361)
F˜ 1,021110 = −x(1 − x)
−2+ε
[
−
2
ε
+ 2−
(
ζ2
2
+ 2
)
ε
]
+
x
1− x
(
ζ2 + P1 +
1
2
L22
)
(362)
F˜ 1,011111 =
x
1− x
[
−
1
2
L22 + 2
1 + x
1− x
(L1L3 + P3) +
1
1− x
(
(3x− 1)ζ2 − xL1L2
−
3
2
xL21 + (1− 2x)P2
)]
(363)
F˜ 0,111111 = F˜
1,0
11111 −
1
1− x
L2 −
x
(1− x)2
L1 (364)
F˜ 1,111111 = xF˜
0,1
11111 (365)
F˜ 2,011111 = xF˜
1,0
11111 (366)
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